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Definitions and Theorems

0.1 Axioms

1. Axiom of Extensionality

VAVB[(z € A + z € B) = A= B]

2. Empty Set Axiom
JeVz(x ¢ B)

This can actually be derived from other axioms already; The Axiom of Infinity guarantees the existence of a
set, A, thus by using a Subset Axiom, we can construct the empty set, &, asx € ¥ <= (r € ANz # x)

3. Pairing Axiom / Axiom of Pairing
For any sets u, v, there exists a set B containing (only) u,v.

YuvvdBYz[z € B <— (x =uV z =v)]

4. Union Axiom / Axiom of Union

VA3IBVz[x € B < Jb(be AN x € b)]

5. Power Set Axiom
VAVBYz(x € B < x C A)

where we define C as VaVA(z C A <= Vy(y €z = y € A))
6. Axiom Schema of Specifiation / Subset Axioms:
Vi1, ..., txVAIBVz(x € B <= [x € AN@(t1, - ,tr, A)])
Extra Stuff for the Axiom Schema of Specifiation.
7. Axiom of Infinity / Infinity Axiom
JA[@ € AAVa(a € A = at € A)]

8. Axiom Of Choice / Choice Axiom
(a) First Form: For all relations R, there exists a function F' such that F' C R and
dom F' = dom R.

(b) Second Form: The Cartesian product of nonempty sets is always nonempty. That is, if H
is a function with domain I and if H (i) # &, then there exists a function f with domain
I such that (Vi € I)f(i) € H(i).

I think we can also state this more formally as;

VIVHVA

(H:1— ANHG) #92) = 3f (f: I | JHG) A F() eH(i))]

iel

Equivalently, we can also say that for any set X of nonempty sets, there exists a choice
function f that is defined on X and maps each set of X to an element of the set:

VX(®¢X — 3f {f:X—>UX/\VA(A€X — f(A)eA)D



9. Axiom of Regularity / Regularity Axiom

VA A2 = Im(me AAmNA=0)]

10. Replacement Axioms / Axiom Schema of Replacement
(Note to self: T haven’t read the chapter that covers this yet, so I just slapped this in basically directly from EEOST)
For all formulas ¢(z,y) not containing the B, the following is an axiom:

Vi - - .wk\m<(v:c € AV Yya ([6(z,y1) A o2, 92)] = y1 = 42)

— IBWylye B «— Az e A)¢(x,y)])

0.2 Chapter 2 — Axioms and Operations

[Theorem 2A. There is no set to which every set belongs.

Proof:

Let A be a set; we will construct a set not belonging to A. Let B be a set such that:
B={z € Alz ¢ =}

We have, by the construction of B,
BeB < (B ANB ¢ B)

Assume B € A, then

BeB < B¢8B
This statement is obviously a contradiction (always false) since if B € B is true, then B ¢ B which is =(B € B) must
be false. Therefore, it must be the case that B ¢ A.

J

(Theorem 2B. For any nonempty set A, there exists a unique set (A such that for any x € ﬂA,‘
x belongs to every member of A,

Vx{sceﬂA — Voa(ae A = :z:ea}

Proof (that such a set exists) :
We are given that A is nonempty; let ¢ be some fized member of A. Then by a subset axiom there is a set (| A such that
for any x,

mEﬂA < z€cAValaE ANa#cAz € a)

<— Va(a € ANz € a)

Uniqueness follows from extensionality
\




Definition. n-tuples
We define the 1-tuple (z) =

An ordered pair is defined in the following way:

(@, y) =z} {z, y}}

An n-tuple is defined recursively:

(z,9,2) =={(z,y),2)
<{L‘1, Ty 7xn> = <<(E1,.’IJ2, T 7xn71> 7xn>
Or we could also define an n-tuple as a function (for all n > 3)
t:{ieNl<i<n} = §

Does not cause a contradiction cos we defined a 2-tuple, which are the elements of this set)
Using this definition we also justify the definition of the 0-tuple as &, since the function t: @ — S is the empty set,
ie. t=9)

Let an ordered pair, p = (z, y); the first coordinate, 71 (p) can be extracted by:

m(p) =J (ﬂp)

The second coordinate, m2(p), can be extracted similarly,

m2(p) = U{w € Up’ (Upvé ﬂp) = z¢ ﬂp}
0.3 Chapter 3 — Relations and Functions

[ Theorem 3A. (u,v) = (z,y) iff u=2x and v =y.
Proof:

One direction is trivial; if u = x and v =y, then (u,v) is the same thing as (z,y).
To prove the interesting direction, assume that (u,v) = (z,y), i.e.,

{{u}, {u, v}} = {{=}, {=, y}}.

Then we have

{u} € {z} {z,y}} and  {u,v} € {{z},{z,y}}.
From the first of these we know that either
(a) {u}={z} or (b) {u}={=zy},
and from the second we know that either
(c) {u,v} ={z} or (d) {u,v}={zy}
First suppose (b) holds; then u =z =y. Then (c) and (d) are equivalent, and tell us that u=v = z = y. In this case
the conclusion of the theorem holds. Similarly if (c) holds, we have the same situation.

There remains the case in which (a) and (d) hold, From (a) we have u = x. From (d) we get either u =y or v =y. In
the first case (b) holds; that case has already been considered. In the second case, we have v =y as desired.

J

Lemma 3B. Ifz € C andy € C, then (z,y) € X P(C).
Proof:

As the following calculation demonstrates, the fact that the braces in {{z}, {z,y}} are nested to a depth of 2 is responsible
for the two applications of the power set operation:

zeC AN yecC
{z}CcC A {yyccC
{z} e 2C AN {y} e 2C
=z} {z,9}} C© 2C
Hz} A=, v} € 22C



Corollary 3C. For any sets A and B, there is a set whose members are exactly the pairs (x,y)
with x € A and y € B.

Proof:

From a subset axiom we can construct
{we PPAUB)|lw=(x,y) Ne € ANy € B}

Clearly this set contains only pairs of the desired sort; by the preceding lemma, it contains them all.

This corollary justifies our earlier definition of the Cartesian product, A X B.

Definition. The Binary Cartesian Product

AxB:={{(z,y)lrc ANyeB}={we PPAUB)lw=(z,y) N\x € ANy € B}

Definition. Relations

A relation, B, is a set of ordered pairs,
Vz[z € R < Jx3y(z = (z,y))]
An n-ary relation, N, is a set of n-tuples,
Vz(z € N) <= 3Fej,ea, - ,en(z = (e1,e2, - ,en))

M is single-rooted iff for each y € ran R, there exists one unique z such that My. i.e.: M will
have the following property
(1 My AN xoMy) <= x1 = T2

We define an n-ary relation on A to be a set of n-tuples with all components
in A.
i.e. Let M be an n-ary relation on A, then

1. Vz(z € M) < Jej,eq, - ,eq(er,ea, - e, € ANz = {e1,€2, - ,€n))

2. M C A"

Definition. We define the domain of R (dom R), the range of R (ran R)m and the field (fld R) by

x € dom R <= Fy(z,y) € R,
x €Eran R < Jt(t,x) € R,
fldR =dom RUran R

Lemma 3D. If (z,y) € A, thenz,yc UUA
Proof:

We assume that {{z}, {z,y}} € A. Consequently, {z,y} € JA since it belongs to a member of A. And from this we
conclude that x € JUA and y € JU A.

This lemma indicates how we can use subset axioms to construct the domain and range of R:

domR := {xe UUA’EIy(m,w ER}
ran R := {yeUUA’EIx(x,y) ER}



Definition. Functions
A function is a relation F' such that for all  in dom F'| there is only one y such that xFy.

Basically, a function is a relation with the key property that: If (z,y) € F and (z,g) € F, then y = g, i.e. 1 output for
every input (Single-valued).

An n-ary function is a an (n + 1)-ary relation whose elements are (n + 1)-tuples.
An n-ary operation is one is a function O : S™ — S.

Definition. ICRI — Inverse, Composition, Restriction, Image

1. (a) The inverse (preimage) of F' is the set / relation
F~' = {(y,z) |2 Fy}
2. (b) The composition of F' and G is the set

FoG={{(x,y)|It(xGt NtFy)}

3. (c¢) The restriction of F to A is the set
FlA={{zy)|zFynxe A}
(d) The image of A under F is the set
F[A] =ran(F [ A) = {y| (Fz € A)zFy}

These operations are most commonly applied to functions, sometimes to relations, but can actually be defined for arbitrary
sets A, F, and G. (By ”arbitrary” sets, the author probably just mean relations)

[ Theorem 3E. For a set F,domF~! =ranF and ran F~!' = dom F. For a relation F,
(F~H=t=F.

Proof (Mine):

dom F~' = {y|Jz(yF 'x)} ran F~! = {x|Jy(yF~'z)} (FH7' = {(z,9) |yF '}
={y|3z(zFy)} = {z|3y(zFy)} = {(z,y) |2 Fy}
=ran F = dom F =F

[ Theorem 3F. For a set F, F~1 is a function iff F is single-rooted. A relation F is a function zﬁ"
F~1 s single-rooted.
Proof (Mine):

Assume that F is single-rooted first, i.e. Vx1Vao[(x1 Fy A zaFy) = =1 = z2].

This is identical to V11Va:2[(yF71w1 AyF lzy) = =z, = xz2]. Therefore, F~1 is single-valued and hence a function.
Conversely, now let F~' be a function, i.e. Vxlwcz[(yF*lxl A nylxg) = 1 = z2].

Again, this is the same as Vxi1Vaa[(x1Fy A 22 Fy) = x1 = x2]. Which means F is indeed single-rooted.

Thus, it has been proven that, for a set F, F~! is a function iff F is single-rooted.

Utilising Theorem 3E and the previous result, the relation (F*l)*1 Lrisa function iff F~1 is single-rooted.
Wherefore, a relation F is a function iff F~' is single-rooted.




[ Theorem 3G. Assume that F is an injective function. If x € dom F, then F~1(F(x)) = x. If‘
y €ran F, then F(F~1(y)) = y.

Proof (Mine):

zedomF = F '(F(x)) = F '[{y|zFy}] where |[{y|xFy}| =1 since F is a function
={z|yF 'z AzFy}

= since F~! is a function by Theorem SF

Thus, it is proven that if © € dom F, then F~*(F(z)) = x.

yeranF = F(F '(y)) = F[{z|yF 'z}] where |{z |yF~'a}| =1 since F~ ' is a function
={y|zFy AyF 'z}
=y since F is a function

So, If y € ran F, then F(F~1(y)) = y.

Proof (Enderton’s):

Suppose that & € dom F'; then (x, F(z)) € F and (F(z),z) € F~'.

Thus F(z) € dom F~!. F~! is a function by Theorem 3F, so x = F~(F(x)).

If y € ran F, then by applying the first part of the theorem to F~1' we obtain the equation (F~1)"1(F~'(y)) = y. But
(F~H=t=F.

(Theorem 3H. Assume that F and G are functions. Then F o G is a function, its domain is
{z € dom G |G(z) € dom F'}
and for x in its domain, (F o G)(z) = F(G(x)).
Proof (Mine):
dom(F o G) = dom{(z,y) | It(xGt A tFy)} = {z | ItIy(zGt A tFy)} = {x € dom G| G(z) € dom F'}

(FoG)(z) ={y|z(F oGy} ={y| =Gt NtFy)} = F[{t|zGt}] = F(G(z))

\ J

(Theorem 3I. For any sets F and G,

(FoG)'=GtoF™!

(Theorem 3J. Assume that F: A — B, and that A is nonempty.

(a) There exists a function G: B — A (a ”left inverse”) such that G o F is the identity function I4
on A iff F is injective.

(b) There exists a function H: B — A (a "right inverse”) such that F o H is the identity function
‘IB on B iff F is surjective.

J

~

(Theorem 3K. The following will hold for any sets (relations)

(a) The image of a union is the union of the images:
F[AU B] = F[A] U F[B] and F |[U A]] — | {FIADA € A}
(b) The image of an intersection is included in the intersection of the images:
F[AN B] C F[A] N F[B] and F [[ﬂ A]] C ((FIA]IA € A}
(c) The image of a difference / complement includes the difference / complement of the images:

F[ANF[B] € F[A\B]

Equality holds if F is single-rooted.




Corollary 3L. For any function G and sets A, B, A:

G-t [[U A]] — | {e"[A]14 € A},

¢ [NA] =N{cAllA € A} for A# 2
G~[A\B] = G~ [A]\G'[B].

Definition. 4B
AP is read ” B-pre-A”, it is the collection of functions F' from A into B.
g = {F|F is a funtion A F: A = B} (Otherwise notated as B4)

Since F: A — B, F C Ax B,so F € #(A x B). Consequently, we can apply a subset axiom to
P (A x B) to construct the set of all functions from A into B.

Definition. Infinite Cartesian Products
Let I be an index set such that i €

[1x6) := {f: I—Jx(@)

iel i€l

(Vi € D[f() EX(@')]}

If there exists some ¢ such that X (i) = &, then clearly [] X (¢) is empty. Conversely, suppose that
for all i, X (i) # @, then we use the Axiom of Choice tolesilow that l_IIX(l) is nonempty.
i€
Definition. R is an equivalence relation on A iff R is a binary relation on A that is reflexive on A,
symmetric and transitive:
1. R is reflerive on A, i.e. xRx for all z € A
2. R is symmetric, i.e. for all z,y; if Ry then yRx.

3. R is transitive, i.e. for all z,y, z; if xRy and yRz, then also zRz.

Theorem 3M. If R is a symmetric and transitive relation, then R is an equivalence relation on
fld R.

This theorem deserves a precautionary note: If R is a symmetric and transitive relation on A, it does not follow that R
is an equivalence relation on A. R is reflexive on fld R, but ld R amy be a small subset of A.

Definition. The set [z]g is defined by
[x]r = {t|xRt}.

If R is an equivalence relation and z € fld R, then [z]g is called the equivalence class of x modulo R.
If the relation R is fixed by the context, we may write just [z].

The existence of the set [z]r is guaranteed by a subset axiom, since [z]g C ran R. Furthermore, we can construct a set of
equivalence classes, such as {[z]r |z € A}, since this set is in & (ran R)

Lemma 3N. Assume that R is an equivalence relation on A and that x,y € R. Then

[z]r = [ylr iff =Ry



Definition. A partition II of a set A is a set of nonempty subsets of A that are disjoint and
exhaustive, i.e.,

(a) No two different sets in IT have any common elements.
In other words, (Vx e I)(Vy e )(z £y = xNy = 2).
Or more formally, VaVylz e IAy €Il = (z#y — zNy=2)].

(b) Each element of A is in some set of II.
That is, Va[z € A <= (b e )z € D).
Or more formally, Vz[z € A <= 3b(b € II Az € b)].

[ Theorem 3P. Assume that R is an equivalence relation on A. Then the set {[x]r |z € A} of all]
equivalence classes is a partition of A.

Proof:

Each equivalence class [z]r is nonempty (because x € [z]r) and is a subset of A (because R is a binary relation on A).
The main thing we must prove is that the collection of equivalence classes is disjoint, i.e., part (a) of the above definition
is satisfied. So suppose that [x]r and [y|r have a common element t. Thus

zRt and yRt.

But then xRy and by Lemma 38N, [z]r = [y]r. (End of proof)

If R is an equivalence relation on A, then we can define the quotient set
A/R ={[z]r |z € A}
whose members are the equivalence classes. (The expression A/R is read ”A modulo R.”) We also have the natural map

(or canonical map) ¢: A — A/R defined by
o(z) = [z]r

forxz € A.

Definition. If R is an equivalence relation on A, then we can define the quotient set

A/R = {[z]g|x € A}
Definition. If R is an equivalence relation on A, then we can define the natural map (or canonical
map)
p: A= A/R  o(z)=[z]r

Definition. A function F' is compatible with the relation R on A iff for all x and y in A

xRy = F(z)RF(y)

(Theorem 3Q. Assume thalt R is an equivalence relation on A and that F: A — A. If F is)
compatible with R, then there exists a unique F: A/R — A/R such that

(v¢) F([z]g) = [F(z)]g for all z in A.

If F is not compatible with R, then no such F exists. Analogous results apply to functions from
| A x A into A.

J




[STheorem 1. The Universal Property of The Quotient Set: If X is a set and ~ an equivalence‘
relation on X, then the natural/canonical projection ¢: X — X/~ such that o(z) = [z]~ can
be formed. For any other set Y and function f: X — Y that respects ~, i.e (for all x and x’)
x~z = f(x)= f(a)); there exists a unique function F: X/~ =Y such that f = Foop:

x 1 sy

e
|
o F

X/~

On the contrary, if f does not respect ~, then there does not exist such a function F: X/~ =Y
such that f = F o .

Proof.

J

Definition. Let A be any set. A linear ordering on A (also called a total ordering on A) is a binary
relation R on A (i.e., R C A x A) meeting the following two conditions:

(a) R is a transitive relation; i.e., whenever xRy and yRz, then zRz.

(b) R satisfies trichotomy on A, by which we mean that for any = and y in A exactly one of the
three alternatives
zRy, z=vy, yRz

holds.

Me: Note: In this case I think this definition is specifically a strict total order.

(Theorem 3R. Let R be a linear ordering on A.
(i) There iz no x for which zRx (Trreflexive)
(i1) For distinct x and y in A, either xRy or yRx (but never both) (Connected).

In fact, for a transitive relation on A, conditions (i) and (ii) are equivalent to trichotomy. A relation
meeting condition (i) is called irreflexive; one meeting condition (ii) is said to be connected on A.

Instead of R, we favor the symbol < for a linear ordering

(Even for a general relation, possibly without transitivity, I think (i)+(i1) should be equivalent to trichotomy)

Fact. A linear ordering R can never lead us in circles, e.g., there cannot exist a circle such as
r1Rxo, xoRx3, xo0Rx4, x4Rxs, x5Rx1.

This is because if we had such a circle, then by transitivity x; Rzq, contradicting part (i) of the
foregoing theorem.

10



Definition. Hasse Diagrams, illustration of a linear ordering;:

We represent the members of A by dots, placing the dot for 2 below the dot for y whenever x < y.
Then we add vertical lines to connect the dots. The resulting picture has the points of A stretched
out along a line, in the correct order.

(The adjective ”linear” reflects the possibility of drawing this picture.)

NN AN AN AN/

BNG

Hasse diagram of the set of all subsets of a three-element set, {x,y, z}, ordered by inclusion, (Partial-
Order):

{z,y,2}

{z,y} {z, 2} {y, 2}

{x}X{y}X{Z}

There are many ways to draw a Hasse diagram.

(E.g.: With arrow, without arrow, with circle as the node, just using the elements for the nodes, etc)

11



0.4 Chapter 4 — Natural Numbers

Definition. Von Neumann construction: We define the symbols 0,1, 2,3 as

0=g,

1={0} ={<},

2= {071} = {®7{®}}7

3= {07172} = {®7{@}7{@,{®}}}~

Definition. For any set a, its successor a™t is defined by
at =aU {a}.
In terms of the successor operation, the first few natural numbers can be characterized as
0=0, 1l=0o%, 2=g% 3=g™ ..
Which are all distinct sets.

Definition. A set A is said to be inductive iff @ € A and it is ”closed under successor,”
ie.,
Va(a€e A = at € A).

Definition. A natural number is a set that belongs to every inductive set.

Theorem 4A. There is a set whose members are exactly the natural numbers.
(The set of all natural numbers is denoted by a lowercase Greek omega, w.)

In terms of classes, we have
w= m{A | A is inductive}

but the class of all inductive sets is not a set.

[Theorem 4B. w is inductive, and a subset of every other inductive set.

)

Fact. Since w is inductive, we know that 0(= @) is in w. It then follows that 1(= 07) is in w, as are

2(=1%) and 3(=2%). Thus 0,1,2, and 3 are natural numbers.

Unnecessary extraneous objects have been excluded from w, since w is the smallest inductive set.

This fact can also be restated as follows:

[Induction Principle for w: Any inductive subset of w coincides with w.

Theorem 4C. FEvery natural number except 0 is the successor of some natural number.

Self-Proof.

Definition. A Peano system is defined to be a triple (N, S,e) consisting of a set N, a function

S: N — N, and a member e € N such that the following three conditions are met:
(i) e¢ ranS.
(ii) S is injective.

(iii) Any subset A of N that contains e and is closed under S equals N itself.

Theorem 4D. (w,0,0) is a Peano System.

Where o is the restriction of the successor operation to w, i.e. o = {(n,n")|n € w}.

Self-Proof.

12



Definition. A set A is said to be a transitive set iff every member of a member of A is itself a
member of A. We can state this equivalently in 4 ways: For all x;

rea€A = z€A, (1)
Jaca4, (2)
a€A = aCA, (3)

AC 2A. (4)

In the previous chapter we defined a transitive relation while we defined a transitive set here. These are not the same

things. The context will make clear which sense of ”transitive” is wanted.

(Theorem 4E. For a transitive set A,

(@@t =

\ J

(Theorem 4F. FEvery natural number is a transitive set.

Self-Proof.

(Theorem 4G. The set w is a transitive set.

Self-Proof.

J

-

Recursion Theorem on w: Let A be a seta € A, and F': A — A. Then there exists a um’que‘
function h: w — A such that

h(0) = a,
and for every n € w,

h(n*) = F(h(n)).

The recursion theorem is in general false for systems not meeting the 8 conditions of Peano systems. So any correct

proof of recursion absolutely must make use of conditions (i)-(%ii).

J

[ Theorem 4H. Let (N, S,e) be a Peano system. Then (w,o,0) is isomorphic to (N, S, e), i.e., there|
s a bijective function h: w — N in a way that preserves the successor operation

and the zero element

1 > 2 > 3 9.
L |
— S(e) — S(S(e)) — S(5(8(e))) —== - -

Fig. 18. Isomorphism of Peano Systems.

>

=
o <+— O

Self-Proof.

Theorem 4H shows that the number system we have constructed is, ”to within isomorphism,” the only system satisfying

Peano’s postulates.
\

J

Definition. A binary operation on a set A is a function from A x A into A.
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Definition. Addition (+) is the binary operation on w such that for any m and n in w,

m+n = An,(n).
When written (explicitly) as a relation,

+={{({(m,n),p)fmEWANREWAP=An(n)}.

[ Theorem 4I.

(A1) m+0=m,

(A2) m+nt =(m+n)t.
Self-Proof.

(Theorem 4J. For natural numbers m and n,

(M1) m-0=0,
(M2) m-nt =m-n+m.
Self-Proof.

(Theorem 4K. The following identities hold for all natural numbers.

(1) Associative law for addition
m+ (n+p) = (m+n) +p.

(2) Commutative law for addition
m+n=n-+m.

(3) Distributive law
m-(n+p)=m-n+m-p.

(4) Associative law for multiplication
m-(n-p) = (m-n)-p.

(5) Commutative law for multiplication

Self-Proof.

Definition. For natural numbers m and n, we define m to be less than n iff m € n.

Definition. We define
men iff (menvVm=n).

Lemma 4L. (a) For any natural numbers m and n,
men iff mtent.

(b) No natural number is a member of itself.

Self-Proof.

14



Trichotomy Law for w For any natural numbers m and n, exactly one of the three conditions

holds.

Corollary 4M. For any natural numbers m and n,
men iff mCn

and
men iff mCn.

Theorem 4N. For any natural numbers m, n, and p,
men < m-+pen-+p.

If, in addition, p # 0, then
mEeEN < m-peEn-p.

Corollary 4P. The following cancellation laws hold for m, n, and p in w:

m+p=n+p — m=mn,
m-p=n-p and p#0 = m=n.

Self-Proof.

Well Ordering of w Let A be a nonempty subset of w. Then there is some m € A such that m € n
for alln € A.

Note: Such an m is said to be least in A. The theorem asserts that every nonempty subset of w has a least element.

The least element is always unique.

Corollary 4Q. There is no function f: w — w such that f(n™) € f(n) for every natural number
n.

Self-Proof.

rStrong Induction Principle for w Let A be a subset of w, and assume that for every n € w,

if every number less than n is in A, then n € A.

Then A = w.

Interesting Note: There seems, at first glance, that we are missing a critical assertion that 0 € A. However, in
this particular form of the Strong Induction Principle for w, it is actually completely unnecessary, because: Every
number less than 0 is in A vacuously. Which means, by our Strong Induction Hypothesis, 0 € A! However, if we
were to tweak our Strong Induction Hypothesis to the form below, then we certainly need the presumption that 0 € A:

if every number less than or equal to n is in A, then nT € A.

In this form, we cannot deduce 0 € A because nT # 0 for all natural n by Theorem 4D.

Self-Proof.

15



0.5 Chapter 5 — Construction of The Real Numbers

0.5.1 Integers
Definition. Define ~ to be the relation on w x w for which

(m,n) ~(p,q) iff m+qg=p+n.

In more explicit (but less readable form), the above definition can be stated:

~ ={{(m,n), (p,q)) |m + ¢ =p+n and all are in w}.

Theorem 5ZA. The relation ~ is an equivalence relation on w X w.

Self-Proof.

Definition. The set Z of integers is the set (w x w)/~ of all equivalence classes of differences*.
*Where we call a pair of natural numbers (m,n) a difference; and an integer an equivalence class of differences
Lemma 5ZB. If (m,n) ~ (m’,n') and (p,q) ~ (p',q’), then

(m+pn+q)~(m +p,n +q).
Self-Proof.

Definition. Define the addition operation, 47 to be the binary operation on Z so that for all
integers a and b,
atzb= [<m7p'n + q>]

where a = [(m, n)] and b = [<p, qﬂ Lemma 5ZB tells us that +7 is a well-defined function.

(Theorem 5ZC. The operation +z is commutative and associative:

a+zb=b+za
(a—i—zb)—i—zc:a—i—z(b—l—zc).

\

[ Theorem 5ZD. (a) Oz is an identity element for +z:
a+70z7 =a
for any a in Z.
(b) Additive inverses exist: For any integer a, there is an integer b such that
a—+zb=0gz.

The inverse of a is denoted as —a. Then as the proof to Theorem 5ZD shows, —[{(m,n)] =

[fn, m)] J

Fact. Theorems 5ZC and 5ZD together say that Z wit the operation +z and the identity element
0z is an Abelian group.

Inverses are unique. That is, if a +z b = 0z and a +z b’ = 0z, then b = b'. To prove this, observe
that
b=0b+y (a—i—Zb') = (b—‘rza) —l—Zb/ =V.

(This proof works in any Abelian group.)
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Definition. Inverses provide us with a subtraction operation, which we define by the equation
b—a=>b+yz(—a).
Lemma 5ZE. If (m,n) ~ (m/,n’) and (p,q) ~ (p',¢'), then
(mp +ng,mq + np) ~ (m'p’ +n'q’ + m'q +n'p’).

Definition. Define the multiplication operation, -7 to be the binary operation on Z so that for all
integers a and b,
a -z b= [(mp + ng, mq + np)]

where a = [(m, n}] and b = [<p, q)} (and here we write as usual, mp in place of m - p). Lemma 5ZE tells us that

-7 is a well-defined function.

(Theorem 5ZF. The multiplication operation -7 is commutative, associative, and distributive over]
+z:

a-zb:b~za
(a-Zb)-Zc:a-Z(b-Zc)
a~Z(b+Zc):(a~Zb)+Z (a-Zc)

Self-Proof of Commutativity.

[ Theorem 5ZG. (a) The integer 1z is a multiplicative identity element:
a-zlzg=a
for any integer a.
(b) 0z = 1z.
(c) Whenever a -z b= 0z, then either a = 0z or b= 0g.

Part (c) is sometimes stated: There are no “zero divisors” in Z.
Self-Proof.

Fact. In algebraic terminology, we can say that Z together with +7, -z, 0z, and 17 forms an integral
domain. This means that:

(i) Z together with +z and 0z forms an Abelian group (Theorems 5ZC and 5ZD.)

(ii) Multiplication is commutative and associative, and is distributive over addition (Theorem
5ZF)

(iii) 1z is a multiplicative identity (different from 0z), and no zero divisors exist (Theorem 5ZG).
Lemma 5ZH. If (m,n) ~ (m/,n') and (p,q) ~ (p',q¢'), then
mt+qeEpt+n iff m' +q €p +n.
Definition. Define the ordering relation <z on Z to be such that for all integers a and b,
a<zb ff m+qgep+n.

where m, n, p, and ¢ are chosen so that a = [(m,n)] and b = [(p, ¢)]-

Lemma 5ZH shows that this yields a well-defined relation <z on the integers.
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Theorem 5ZI. The relation <z is a linear ordering relation on the set of integers.

Self-Proof.

Definition. An integer b is called positive iff 07 <z b. It is easy to check that
b<z0z iff 07 <z —b.

Thus, a consequence of trichotomy is the fact that for an integer b, exactly one of the three alter-
natives
b is positive, b is zero, — b is positive

holds.

[Theorem 5ZJ. The following are valid for any integers a, b, and c:
(a) a<zb < a+zc<zb+zc.

(b) If 0z <z ¢, then
a<zb << a-zc<zbygec

This shows that addition preserves order, as does multiplication by a positive integer.

Corollary 5ZK. For any integers a, b, and c the cancellation laws hold:

at+zc=b+zc = a=0b,
azc=by &c#0; = a=0.

Self-Proof.

Fact. Although w is not actually a subset of Z, nonetheless Z has a subset that is “just like” w. To
make this precise, define the function E: w — Z by

E(n) = [(n,0)].

(E.g.: E(0) =0z and E(1) =17.)

The following theorem, in algebraic terminology, says that E is an “isomorphic embedding” of the
system (w, +, -, €,,) into the system (Z, 4z, -z, <z). That is, E is an injective function that preserves
addition, multiplication, and order.

(Theorem 5ZL. E is injective, and satisfies the following properties for any natural numbers m]
and n:

(a) E(m+n)=E(m)+z E(n).
(b) E(mn) = E(m) -z E(n).

| (c) m € n iff E(m) <z E(n).

Fact. We can now give a precise counterpart to our motivating guideline that the difference (m,n)
should name m — n. For any m and n,

[(m,n)] = E(m) — E(n).

Note. Henceforth, we will streamline our notation by omitting the subscript “Z” on +z, -z, <z, 0z,
17, etc. Furthermore, a - b will usually be written as just ab.
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0.5.2 Rational Numbers

Definition. By a fraction, we mean an ordered pair of integers, the second component of which
(call the denominator) is nonzero.

Definition. Define ~ to be the binary relation on Z x Z’ for which
(a,b) ~ (¢,d) iff a-d=ch.

Definition. The set Q of rational numbers is the set (ZxZ') /~ of all equivalence classes of fractions.

Theorem 5QA. The relation ~ is an equivalence relation on Z X 7.

Self-Proof.

Lemma 5QB. If (a,b) ~ (a',V') and (c,d) ~ (', d’), then
{ad + cb,bd) ~ {a'd' + V', b d’).

Note. We use the same symbol “~” that has been used for other equivalence relations, but as we
only discuss one equivalence relation at a time, no confusion should result.

Definition. Define the binary operation +g on Q with
[(a, )] +¢q [{c, d)] = [(ad + cb, bd)].

Note that bd # 0 since b # 0 and d # 0. Hence, (ad + cb,bd) is a fraction. Lemma 5QB tells us that the binary
operation +q is well-defined.

[ Theorem 5QC. (a) Addition +q is associative and commutative:

(g+o7)tes=q+q(r+gs),
r+Qs=84+qQr.

(b) Og is an identity element for +q:
T+qolgp=r

for any r in Q.

| (c¢) Additive inverses exist: For any r in Q there is an s in Q such that r +q s = Og.

J

Fact. The set Q with the binary operation 4+¢g on Q and the additive identity Og € Q together form
the Abelian group (Q, +q,0g)-

Fact. As in any Abelian group, the inverse of r € Q here is unique; we denote it as —r. The proof
of Theorem 5QC shows that —[(a,b)] = [(—a,b)].

Lemma 5QD. If (a,b) ~ (a’,V') and {(c,d) ~ (', d’), then
{ac,bd) ~ {(a'd, V'd').
Definition. -g is the binary operation on QQ defined by

[(a,b)] -q [(¢,d)] = [(ac, bd)].

Lemma 5QD verifies that -g is indeed well-defined.
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[ Theorem 5QE. Multiplication of rationals is associative, commutative, and distributive over ad-)
dition:

(P@a)@qr=pr-qlgqQr),
Q'QT:T'Q(L
pq(@g+qer)=(qq +to®aqr)

Fact. The new property that the rationals have (and that integers lack) is the existence of multi-
plicative inverses for nonzero (rational) numbers, as seen in Theorem 5QF.

[Theorem 5QF. For every nonzero r in Q there is a nonzero q in Q such that r -g ¢ = 1g. ]

[ Theorem 5QG. Ifr and s are nonzero rational numbers, then r -g s is also nonzero.
Self-Proof.
Enderton’s (General) Proof.

Enderton’s proof works for any field, since fields have multiplicative inverses for all their nonzero elements and

z -0 =0 in any commutative ring with identity.

J

Fact. The nonzero rationals with multiplication form an Abelian group, (Q — {0g}, -, lg)-
Fact. The proof of Theorem 5QF shows that
[{a,0)] " = [{b,a)].

Fact. (Multiplicative) Inverses provide us with a division operation. For a nonzero rational r we
can define

s%r:s-Qr_l.

Fact. The algebraic concept exemplified by the rational numbers is the concept of a field. To say
that (Q, 4+q, ‘@, 0g, lg) is a field means that it is an integral domain with the further property
that multiplicative inverses exist. (Other examples of fields are provided by the real numbers and the complex
numbers.) Cool fact! The method we have used to extend Z to Q can be applied to extend any
integral domain to a field.

Fact. Since [(a,b)] = [(—a, —b)], every rational number can be represented by some fraction with a
positive denominator. (Recall that for nonzero integers b, either b or —b is positive.)

(This fact is critical to define our linear ordering <gq.)

Lemma 5QH. Assume that (a,b) ~ {(a’,V') and {c,d) ~ (¢, d"). Further assume that b, V', d, and
d' are all positive. Then,
ad <cb iff dd =cV.

Self-Proof.
Definition. The linear ordering <g on Q is so that
[{a,b)] <@ [{c,d)] iff ad<cb

whenever b and d are positive. Again, the previous Lemma 5QH verifies that our linear ordering <g is well-
defined.

Theorem 5QI. The relation <g is a linear ordering on Q.

Self-Proof.
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Definition. Call a rational number g positive ift Op <g g. Thus, r <g Og iff 0p <g —r. Then as a
consequence of trichotomy, for any rational number r, exactly one of three alternatives

r is positive, r is zero, —r is positive
holds.

Definition. We define the absolute value |r| of r by

I —r if —r is positive,
T =
r otherwise.

Then, 0g <g |r| for every 7.

Theorem 5QJ. Let r, s, and t be rational numbers.
(a) T <q s iff r+ot <gs+qt.

(b) If t is positive, then
r<gs ff rqt<gs-gt.

Fact. The two preceding theorems (5QI and 5QJ) state that (Q,+q, @, 0g, lg, <g) is an ordered
field.

[ Theorem 5QK. The following cancellation laws hold for any rational numbers.
(a) If r+ot=s+qt, thenr =s.
(b) If r .ot =s-gt and t is nonzero, then r = s.

Enderton’s (General) Proof.

(works in any Abelian group)

Fact. Although Z is not a subset of Q, there exists an embedding function F: Z — Q with

E(a) = [{a, 1)].

Which gives us an isomorphic embedding in the sense that the following theorem holds:

(Theorem 5QL. E is an injective function from Z into Q satisfying the following conditions:
(a) E(a+b) = E(a) +q E(b).
(b) E(ab) = E(a) -g E(b).
(¢c) E(0) = 0g and E(1) = 1q.
(d) a <b iff E(a) <g E(b).

\

Fact. We also obtain the following relation between fractions and division:
[(a,0)] = E(a) + E(b).
Since b # 0, we have E(b) # Og, and so the indicated division is possible.

Note. Henceforth, we will simplify the notation by omitting the subscript “Q” on +gq, ‘g, Og, and
so forth. Also, the product r - s will usually be written as just rs.
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0.5.3 Real Numbers

Note. There are many methods to choose from for a successful construction of the real numbers,
each with their own advantages.

Definition. Define a Cauchy sequence to be a function s: w — Q such that |s,,, s,,| is arbitrarily
small for sufficiently large n; i.e.,

(V positive € in Q)(Fk € w)(Ym > k)(Vn > k)|sm — sn| < €.

Definition. Let C be the se of all Cauchy sequences. For r and s in C, we define r and s to be
equivalent (r ~ ) iff |r, — s,| is arbitrarily small for all sufficiently large n; i.e.,

(V positive € in Q)(Fk € w)(Vn > k)|r, — sn| < €.

Fact. The quotient set C'/~ is a suitable candidate for R. ¢

%This approach of constructing R is due to Cantor.

Fact. The Cauchy sequence construction of R has the advantage of generality, since it can be used
with an arbitrary metric space in place of Q.

Definition. A Dedekind cut is a subset x of QQ such that:
1. o#z#Q

2. x is closed “downwards”, i.e.,

gz &r<q = reux.
3. x has no largest member.

Definition. We define the real numbers to be the set of all Dedekind cuts.

Fact. The Dedekind cut construction of R has the advantage of simplicity, in that it provides a simple
definition of R and its ordering. But multiplication of Dedekind cuts is awkward and verification of
the properties of multiplication is a tedious business.

Definition. The ordering on R is particularly simple. For z and y in R, define

r<gpy iff zCuy.

In other words, <g is the relation of being a proper subset: <g= {(z,y) e R x R|z C y}.

Theorem 5RA. The relation <g is a linear ordering on R.

Self-Proof.

Definition. A real number* z is said to be an upper bound of a subset A of R iff y <g x for every
y in A.

*The upper bound z need not belong in A.
Definition. The set A is bounded (i.e. bounded above) iff there exists some upper bound of A.

Definition. A least upper bound of A is a upper bound that is less than any other upper bound.
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Theorem 5RB. Any bounded nonempty subset of R has a least upper bound in R.
Self-Proof.

Definition. For reals x and y, define:
c4+ry={q+r|lgexz & rey}

Lemma 5RC. For real numbers x and y, the sum x +gr y is also in R.

Self-Proof.

Theorem 5RD. Addition of real numbers is associative and commutative:

(zry) R 2 =T +& (Y +r 2),
r+R+y=y+rz.

Definition. The zero element of R is defined to be the set of negative rational numbers:

Or ={reQ|r <0}

Theorem 5RE. (a) Or is a real number.

(b) For any x in R, we have x +g Og = .

Self-Proof.

Definition. Define the inverse of x to be

—2={reQ|(3s>r)—s¢a}.

(Theorem 5RF. For every x in R:
(a) —z € R,
(b) z+r (—x) = Og.

Self-Proof.

Fact. (R, +g,0r) is an Abelian group. As in any Abelian group, the cancellation laws hold.

Corollary 5RG. For any real numbers,

THRZ=Y+RZ — T =Y.

Theorem 5RH. For any real numbers,

T<RY < TH+RrZ <R Y tRrRZ.

Definition. We define the absolute value |z| of a real number z to be

|z| =z U —x.

We want |z| to be the larger of z and —=z, as the larger one is always the nonnegative one. Since our ordering is
inclusion, the larger of the two is just their union. Hence, explaining our definition of |z| above.
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Definition. (a) If z and y are nonnegative real numbers, then
zry=0U{rs|0<rexz&0<secuy}.
(b) If x and y are both negative real numbers, then
zry = x| &yl
(¢) If one of the real numbers z and y is negative and one is nonnegative, then

r-ry=—(z| Ryl

[ Theorem 5RI. For any real numbers, the following holds:
(a) x gy is a real number.
(b) Multiplication is associative, commutative, and distributive over addition.
(c) Or # 1g and z g 1g = x.
(d) For nonzero x there is a nonzero real number y with ¢ g y = 1g.

(e) Multiplication by a positive number preserves order: If Or <g z, then

T<RY <~ TRZ<RYRZ.

Where we define 1g = {r € Q|r < 1}.

\ J

Fact. The foregoing theorems show that, like the rationals, the reals (with +g, g, Or, 1g, and <g)
form an ordered field. But unlike the rationals, the reals have the least-upper-bound property.

Definition. An ordered field is said to be complete iff it has the least-upper-bound property.

Fact. It can be shown that any other complete ordered field is isomorphic to the ordered field of
real numbers.

Definition. The correct embedding function E from Q into R assigns to each rational number r
the corresponding real number

E(r)={qeQ|g<r},

consisting of all smaller rationals.

[Theorem 5RJ. E is an injective function from Q into R satisfying the following conditions:
(a) E(r+s)=E(r)+r E(s).
(b) E(rs) = E(r) & E(s).
(c) E(0) =0y and E(1) = 1g.

| (d) r < s iff E(r) <g E(s).
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0.5.4 Summaries

Definitions.

i) Integers Let m, m, p, and ¢ be natural numbers.

[(m,n)] ~ [(p,q)] &= m+qg=p+n,
[(m,n)] +z [(p, 9)] [(m+p,n+q)],
—[(m,n)] = [(n,m)],
[(m,n)] -z [(p,@)] = [(mp+ng,mp+np),
[(m,n)] <z [{p,q)] &= m+qep+n,
E(n) = [(n,0)]

(a,by ~ (c,d) < ad = cb,
[(a,0)] +q [(c,d)] = [(ad + cb, bd)],
—[(a,0)] = [(=a,b)],
[(a,0)] @ {e,d)] = [{ac,bd)],
[(a,b)] <g [{c,d)] <= ad < cb, when b and d are positive,
E(@) = [a,1)].

ili) Real numbers A real number is a set  such that @ C © C Q, « is closed downwards, and x

iv)

has no largest member.

T<RY <= zCuy,

z4+ry = {q+rlgez&rey},
—x = {reQ|(3s>r)—s¢ua},
lz] = zU-—=,
lz| vyl = OrU{rs|0<relz|&0<s¢€ |y},
E(r) = {¢€Qlg<r}

An Abelian group (in additive notation) is a triple® (A, +,0) consisting of a set A, a binary
operation + on A, and an element (“zero”) of A, such that the following conditions are met:

1. -+ is associative and commutative.
2. 0 is an identity element, i.e., z +0 = z.

3. Inverses exist, i.e., VoIy(xz + y = 0).

An Abelian group (in multiplicative notation) is a triple (A, -, 0) consisting of a set A, a binary
operation - on A, and an element 1 of A, such that the following conditions are met:

1. - is associative and commutative.
2. 1 is an identity element, i.e., x -1 = x.
3. Inverses exist, i.e., VaTJy(z -y = 1).
This is, of course, the same as the preceding definition.

A group has the same definition, except that we do not require that the binary operation be
commutative.

Fact. All the groups that we have considered have, in fact, been Abelian groups. But some of
our results (e.g. the uniqueness of inverses) are correct in any group, Abelian or not.
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vi) A commutative ring with identity is a quintuple (D, +,-,0,1) consisting of a set D, binary
operations + and - on D, and distinguished elements 0 and 1 of D, such that the following
conditions are met:

1. (D,+,0) is an Abelian group.
2. The operation - is associative, commutative, and distributive over addition.

3. 1 is a multiplicative identity -1 = x and 0 # 1.

vii) An integral domain is a commutative ring with identity with the additional property that
there are no zero divisors:

4. If x # 0 and y # 0, then also x - y # 0.
viii) A field is a commutative ring with identity in which multiplicative inverses exists:
4’. If x is a nonzero element of D, then x - y = 1 for some y.

Fact. Any field is also an integral domain, because condition 4’ implies condition 4 (see the
proof to Corollary 5QG).

ix) An ordered field is a sextuple (D, +,-,0,1, <) such that the following conditions are met:
1. (D,+,+,0,1) is a field.

2. < is a linear ordering on D.

3. Order is preserved by addition and multiplication by positive element (i.e. 0 < z):
r<y < r+z<y+z

If 0 < z, then
r<Yy < r-z2<Yy-z

x) We can define ordered integral domain or even ordered commutative ring with identity by
adjusting the first condition.

xi) A complete ordered field is an ordered field in which for every bounded nonempty subset of D
there is a least upper bound.

Note. The constructions in this chapter can be viewed as providing an existence proof for such
fields. The conditions for a complete ordered field are not impossible to meet, for we have
constructed a field meeting them.

2Tt is also possible to define a group to be a pair A, +, since the zero element turns out to be uniquely determined.
We have formulated these definitions to match the exposition in this chapter.
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0.6 Cardinal Numbers and the Axiom of Choice

Definition. A set A is equinumerous to a set B (written A ~ B) iff there is a bijective function
from A into B. A bijection from A into B is called a one-to-one correspondence between A and B.

Fact. For any set A we have ZA ~ 42

Self-Proof.

(Theorem 6A. For any sets A, B, and C':
(a) A= A.

(b) If A= B, then B =~ A.

(c) If A= B and B~ C, then A~ C.

\

Self-Proof.

(Theorem 6B. (a) The set w is not equinumerous to the set R of real numbers.

(b) No set is equinumerous to its power set.

\

~

Self-Proof.

Fact. R is equinumerous to Zw.

Definition. A set is finite iff it is equinumerous to some natural number. Otherwise, it is infinite.

[Pigeonhole Principle No natural number is equinumerous to a proper subset of itself. ]

Corollary 6C. No finite set is equinumerous to a proper subset of itself.

Corollary 6D. (a) Any set equinumerous to a proper subset of itself is infinite.

(b) The set w is infinite.

Corollary 6E. Any finite set is equinumerous to a unique natural number.

Self-Proof.

Self-Proof.

Self-Proof.

Definition. For any set A we will define (in Chapter 7) a set card A in such a way that:

(a) For any sets A and B,
card A =card B iff A~ B.

(b) For a finite set A, card A is the natural number n for which A ~ n.

Lemma 6F. If C is a proper subset of a natural number n, then C' ~ m for some m less than n.

Corollary 6G. Any subset of a finite set is finite.
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0.7 Random Interesting Stuff

0.7.1 Logic

Definition. Some Common Logical Notations
(Ve € A)P(z) < Va[r € A = P(z)]
(3z € A)P(x) Jz[z € AN P(z)]

(Jy € B)(Vz € A)C(z,y) IWz(ye BA[ze A = C(z,y)])

<~
=
— Fylye BAVz(z e A = C(z,y))]
<~

(Vx € A)(Jy € B)C(x,y) VxEIy(:c €A = [ye BA C’(x,y)])

— Vac(xeA - [HyAC(x,y)])

" AVxy - Va(e A1) whenever x is not free in phi (and similarly for exists and implies though
one direction there requires classical logic)”

Extra Stuff for the Axiom Schema of Specifiation:

The reason why we use an axiom schema instead of VY is that in first order logic (which is where
ZFC resides), quantification over predicates, like ¢, is not allowed. Note that while Vo and Jp is
not allowed in FOL, Vz(p(x)) and Jz(p(x)) is allowed.

Indeed, the k here represents a natural number and that we can only involve a finite number of
symbols/variables (in our case sets) t1,...,t; in our predicate ¢, a wif. By definition, a wif is
finite sequence of symbols, which is why we can’t ’involve’ an infinite number of variables in .
Now, to make each subset axiom a sentence, we must quantify over al the symbols involved, which
is why we have Vtq,...,t,VAIBVzx.

The reason that being a sentence is so important, is that, otherwise, the wif kind of has no
meaning. To be more specific, in any mathematical structure, a sentence is automatically true or
false (E.g.: JyVz(x + y = z)). On the contrary, something like Jy(z + y = x) has no meaning
unless you say what y is: If you have free variables in your formula, you need a variable assignment
function to give the formula a truth value. While for sentences you don’t need to speak of variable
assignment functions. For an axiomatic system, we want to know if any given structure satisfies
those axioms or not. E.g.: In axiomatic set theory, we are defining/constructing sets by saying
what properties they must have. If you are using sentences, then the sets will be well-defined and
you can assert whether or not something is a set. However, with a wif that is not a sentence, you
can’t say if a structure satisfies that axiom/property without a variable assignment.

Enderton’s A Introduction To Mathematical Logic:

Definition. An ezpression is a finite sequence of symbols.
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Definition. A well-formed formula (or simply formula or wff) is an expression that can be built up from the
sentence symbols by applying some finite number of times the formula-building operations(on expressions)
defined by the equations

&-(a) = (ma)
En(a,B) = (aND)
Ev(a,B) = (aVDb)
E(a,B) = (a—b)
Eo(a,B) = (a < b)

Definition. If no variable occurs free in the wif « (i.e., if h(a) = &), then « is a sentence.

Wise words by Enderton: In applications of subset axioms we generally will not write out the formula itself. And this
example shows why; ”a is a one-element subset of s” is much easier to read than the legal formula. But in every case it
will be possible (for a person with unbounded patience) to eliminate the English words and the defined symbols (such as
@, U and so forth) in order to arrive at a legal formula. The procedure for eliminating defined symbols is discussed further

in the Appendix.

Quantifiers in Induction:
Question(s):

Its rather common to see notation for the inductive step like
” Assume that A(n) is true for a n € N.” This seems be translated formally, roughly as

[Gn € P(n)] = P(n+1)

Hmm notice what seems to be a potential issue. The inductive step is supposed to look something
like
(Vn € N)[P(n) = P(n+1)]

For the former, there is a free variable (as it is unquantified). So, would that even make any sense
or be a sentence?

Answers:

1. https://math.stackexchange.com/questions/2935730/
what-quantifier-is-used-when-assuming-pn-for-some-n-in-the-induction-hypothes

2. https://discord.com/channels/268882317391429632/328208536029102081/
1042833046694543520

Basically; the ”for some” here does not actually represent the existential quantifier. It is moreso
meant to represent an arbitrary pick for our choice of n.

By Universal Generalization, we know if F P(z) has been derived, then F VzP(z) can also be
derived.

We can also look at Enderton’s A Introduction to Mathematical Logic for this statement (Pg 117):

GENERALIZATION THEOREM: If I" - ¢ and x does not occur free in any formula in I',
then I' F V.

Hence, the ‘logic’ is to prove the statement that n € N = [P(n) = P(n + 1)] is true, without
any assumptions on what n is. Then, by Universal Generalization, we know that
vn(n € N = [P(n) = P(n+1)]) is true.

(Also, since the existential quantifier in the latter doesn’t even extend to P(n+1) you are saying if P(n) is true for
one natural number P(n+1) is true for every variable assignment to n i.e. every natural number greater than 0.

While what we want in induction is as mentioned above)
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0.7.2 Certain Enderton Proofs
Enderton’s Proof of Corollary 5QG:

The preceding theorem (Theorem 5QF) provides us h rationals ' and s’ for which
rqr =s-gs =1lg. Hence
(rgs)q(qs)=1lg
by using commutative and associative laws. But this implies that r -g s #g, because
OQ ‘Q (T/ . S/) = OQ 75 1@. —

Enderton’s Proof of Theorem 5QK:

We can prove this as a corollary of the preceding theorem (Theorem 5QJ), following our past

pattern. But there is now a simpler option open to us. In part (a) we add —t to both sides of the
given equations, and in part (b) we multiply both sides of the given equation by ¢t~!. (This proof
works in any Abelian group.) -
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Exercises

1.1 Axioms and Operations

1.1.1 Axioms and Operations
1.1.2 Arbitrary Unions and Intersections
Qus 6(a) x
Show that:
Ura)=a
By the Powerset Axiom, P(A) contains all subsets of A, i.e.
PANE=Vy(y € P(A) <= yC 4)

And by the Union Axiom, | J P(A) contains all elements that can be found in any member of P(A):
Vi [x e|JPM) < (ByePA)e y}
Trivially, these same members of P(A) are subsets of A. Thus,
Va [x e|JPM) < @ycAee y}
By the definition of a subset that:

yCA < Ve(ze A = z€A)

All elements of | J P(A) must be in A, Fice versa as well,
Va [:v € UP(A) = =z € A}

So, by the Extensionality Axiom, since all elements of | J P(A) = A, and vice versa, they must be
equal sets

JPa)=4
QED N

Remarks (Big Check 1, 28/12/22): If that first part (P(A) <= ...) highlighted in green is
included, then that line is certainly wrong. “vice versa as well” the converse direction is actually
not shown. Of course, the phrasing is not very good since I did this a long time ago when I was
less familiar/accustomed to proofs.

Redo of proof: Assume x € | J ZA. By definition of the powerset and union, this implies the
existence of some a C A so x € a. Immediately, we see that  must be in A. Conversely, suppose
x € A. Then, z € A C A, meaning z € A € ZA. And hence, z € |J ZA. Wherefore, we can now
conclude that | J #A = A.

QED. H
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Qus 6(b) x
Show that:
AcPpl]A
By the Union Axiom, | A contains all elements that can be found in any member of A:
Vm(:rEUA — (EiaeA):rEa)
EGEXTEH, then
Vx(a:eX = erA)

By the Powerset Axiom, P|J A contains all subsets of | 4, i.e.

waEEEgE — x c|J4)

Therefore, since any and all elements of A is also an element of P|JA, AC P|JA
QED. ®

A= P|JA only when A = {2}

Remarks (Big Check 1, 28/12/22): There is conflict between what X represents. I should have
used two distinct symbols there. Honestly, confusing to read. A number of improvements can be
made; such as concluding that X C A after the second line, writing X C|J4 — X € ZJA in
the third line instead of using the biconditional (which is totally unnecessary), etc.

Redo of proof: Let z € A. Then, for any y € x € A, y € |J A immediately follows. Hence, x is
clearly a subset of | J A since all its elements are also in J A. Consequently, € & J A.
Wherefore, as this holds true for any selection of z € A, A C Z|J A.

QED.®
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Qus 8
Show that: There exists no set to which every singleton belongs

Assume there exists a set .S containing all singletons. Now, by the Axiom of Pairing: for all sets z,
{z} is also a set. And hence, {z} € S. So, the set

s = {zl{z} € 5}
is a set of all sets, | J S. However, this contradicts Theorem 2A. Therefore, there exists no set of
all singletons.

Improved/Edited on 17/11/22

Remarks (Big Check 1, 28/12/22): Ehh seems about right, however, I'm still not satisfied with
the phrasing. So, let’s redo this!

Redo of proof: Assume a set S of all singletons exists. It follows from the Union Axiom that

US ={z|{z} € S} is a set. However, |JS would be a set of all sets, because {x} exists for any
set x by the Axiom of Pairing. This is in clear contradiction with Theorem 2A which asserts that
such a set cannot exist. Wherefore, it must be that a set of all singletons does not exist.

QED.H
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Qns 10

Show that:
Givena € b, #(a) e & (3” (U B))

With reference / help of the Appendix

Assume a € B. Let ¢ € #(a), then ¢ C a. Taking x € ¢, by the definition of the subset this means
that = € a:
rec — rea

By the Union Axiom z € |J B:
MBI — < < |5
Since any z € ¢ also means z € |J B, ¢ C B.
(:CEC — xEUB) <= CQUB
Therefore, ¢c € & (U B).
cCB — 069<UB)

So, by the definition of the subset, #(a) € & (|J B)
ce Pa) = ce P (UB)] = Pa) P (UB)

Thus, Z(a) € 2 (2 (J B))
QED.m

Remarks (Big Check 1, 28/12/22): Again, the general direction the proof points towards is
correct. However, once more, the phrasing has much room for improvement and there are a
number of errors:

1. There should be brackets enclosing the green part.

2. To be more accurate, the universal quantifier should be added in the third line in front of
(rec = zelUB).

3. Same thing with the second last line.
4. The capital B should all be replaced with small b.

Redo of proof: Assume a € b and let ¢ € P (a), i.e. ¢ C a. Then, for any = € ¢, x € a € b holds
true. Hence, z € |Jb follows. As a result, ¢ C [Jb. In other words, ¢ € Z(|Jb). Consequently
P(a) C Z(|Jb). Wherefore, indeed we see that Z(a) € Z(Z(UD)).

QED.®
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1.1.3 Algebra of Sets
Qns 11 v

Show that for any sets A and B,
A=(ANnB)U(A\B) and AU (B\A)=AUB
Proof:

z€(ANB)U(A\B) <= (r€ ANz eB)V(x€e ANz ¢ B)
< zc€AN(reBVx¢DB)
— z€cd

Thus, since z € (aNB)U (A\B) iff z € A, (ANB)U (A\B) = A

r€AU(B\A) <= z€ AV(zreBAx ¢ A
<— (z€AvzeBAN(zeAVagA
— rvc€AvVzeB
< r€ AUB

So, since x € AU (B\A) iff z € (AUB), AU (B\A)=AUB
QED. N
Remarks (Big Check 1, 28/12/22): Seems ok.

Qns 12 v

Verify the following identity (one of De Morgan’s Laws):
C\(ANB) = (C\A)U(C\B)

Proof:

r€C\(ANB) <= zccAN(z ¢ AVa ¢ B)
— (reCAhxg¢A)V(xeCAx¢B)
< z € (C\A) vz e (C\B)
< z € (C\A)U(C\B)

Therefore, C\(AN B) = (C\A) U (C\B)
QED. ®
Remarks (Big Check 1, 28/12/22): Seems fine too.
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Quns 13 v
Show that if B C A, then C\B C C\ A
Proof:

Let there be 2 sets A and B such that A C B;

z€(C\B) < z€(CAz¢B
= ze€CAx¢ A sincex¢B = ¢ A
= ze€C\A

Thus, it follows that C\B C C\ A
QED.

Qns 15
A+ B:=(A\B)U (B\A)

(a) v/ Show that AN(B+C)=(ANB)+(ANC)
(b) Show that A+ (B+C)=(A+B)+C

Proof:

(a) By definition;

x€(ANB)+(ANC) < z€[(ANBN\ANC)NU[(ANC)\(AN B)]
— [(xe ANz eB)AN(z ¢ AVa ¢ ()]
Vixe ANzeC)N(x ¢ AVx ¢ B)]

Since ¢ A would mean that (x € AAx € B) and (x € AAx € C) are both false, therefore it
means ¢ ¢ (AN B)+ (ANC). Thus, € A in order for z € (AN B) + (ANC):

z€(ANB)+(ANC) < [(x€ ANz e B)Nz ¢ (]
Vixe ANz e C)Nz ¢ B]
< z€[AN(B\O)|U[AN(C\B)]
<~ z€AN(B+0C)

So, AN(B+C)=(ANB)+(ANC)

QED. H
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r€A+(B+C) < ze€ A+[(B\C)U(C\B)]
z € (A\[(B\C) U (C\B)]) U ([(B\C) U (C\B)]\A)

!

2€(A+B)+C < z€[(A\B)U(B\A)] +C
< z € ([(A\B)U (B\A)\C) U (C\[(A\B) U (B\A)])

And observe that:

z€(B\C)U(C\B) < (x€BAz¢C)V(zeCAzx¢B)

r¢ (B\C)U(C\B) < —[(x€eBAz¢C)V(xeCANzx ¢ B)]
< (t¢BVreC)AN(x¢CAnz€EB)
— (reBArzeC)V(x¢BAze(l)
Applying this onto our previous expansions of A+ (B + C) and (A+ B)+C ;

r€A+(B+C) <= (z€AN[(zxeBArxzeC)V(z¢ BArzel))
V([(zeBAxgCO)V(zxeCAhx¢gB)Ax¢ A
«— (r€ANzeBAzeC)V(rec ANz ¢ BArx ¢ C)
Ve BNz ¢ C)hNax ¢ A]V[(zxe CAhx ¢ B)Nz ¢ A
<~ (z€ ANz eBANzeC)V(ze ANz ¢ BAx ¢ ()
VizreBAz g CNANx g A)V(eeChr¢gBArr¢A)

zr€(A+B)+C <= ze([xteAnx¢B)V(xeBArz ¢ ANz ¢C)
VieeCV[(xe AVe e B)A(x ¢ BVz ¢ A)])
— ((x€e ANz ¢ B)ANx¢C|V][(reBArx¢g A Nz ¢
VizeCAhzeBAxeA)V(xeChax¢BArxé¢ ()
— (x€ANx¢BAx¢C)V(xeBAz¢g ANz ¢C)
VizeCAhzeBAzeA)V(reCAhx¢g ANz ¢ B)

So, A+ (B+C)=(A+B)+C
QED. m
Remarks (Big Check 1, 28/12/22): Yeah nope I'm not checking this. Proving this by a truth table

(considering the cases of x € A, x ¢ A, etc) would be much easier and readable, but last time I
wanted to mess around a lil lol.
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Qns 19
Is Z(A\B) always equal to Z(A)\ P (B)? Is it ever equal to Z(A)\X(B)?

1. v Let’s look at a simple counterexample; Let A = {1,2,3} and B = {3},

<@(A\B) = '@({172}) = {@’ {1}7 {2}7 {172}}

P(ANZ(B) = {2, {1}, {2}, {3}, {1,2},{1,3},{2,3},{1,2,3}} \ {2,{3}}
= {1}, {2}, {1,2},{1,3},{2,3},{1,2,3}}

Thus, Z(A\B) is not always equal to Z(A)\F(B). Also, notice that for all powersets, they
contain @. Therefore, #(A\B) always contains the & while &?(A4)\Z(B) never contains &,
meaning that the Z(A\B) # Z(A)\Z(B) for all sets A and B. Remarks (Big Check 1,

28/12/22): Not bad, the phrasing has improved compared to previous parts. Still has room for
improvement though, of course.

2. x Score: Wtf Let’s look at another way of showing this:

Let X € #(A\B), then X CA\B,andz € X < z€ ANz ¢ B
Also, let Y € Z(A)\Z(B), meaning that Y € Z(A) AY ¢ Z(B). So,
yeY = yeAd < yc AN(yeBVy¢B)

Therefore, Z(A\B) # Z(A)\Z(B) since their elements are not necessarily the same; it can be
the case that y € A Ay € B while it is always the case that x € AANx ¢ B.

P(A\B) = Z(A\Z(B) it VX, Y[X € Z(A\B) VY € Z(A)\Z(B)]
Vz(ze XVzeY)(z€ ANz ¢ B)

Thus, for #(A\B) there must be no z € ANz € B. For @ € &(A\B), which is always the case,
is it (vacuously) true that all the non-existent members of @ are in A and in B. So, it is never the

case that Z(A\B) = Z(A)\Z(B).

Remarks (Big Check 1, 28/12/22): The presentation is rather terrible, the unnecessary symbols
obscure the key points and makes it significantly challenging to the reader to understand. The
errors are stated below:

1. First line: brackets around x € AAx ¢ B (however, again, English words are superior in this context)

2. Second line: brackets again. And in addition, the use of the conditional and biconditional on
a single line is rather confusing to read.

3. Second and Third line: Yeah idk wtf I was writing anymore. . .
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Qns 21 x
Show that |J(AUB) =JAUU B.

Let Xc AandY € B,z € X andy €Y,

(XeAzeX = ze|JA

(YeByeY = yel|JB

w,yeUAUUB

X,Y € AUB

Therefore,

Observe that:

Thus,
z,y € U(A U B)

So, since for any elements of the members of A and B, they are in both |JAU|JB and J(AU B),
by the Extensionality Axiom, they are equal sets and (JAU B =J(AU B)

QED. ®

Remarks (Big Check 1, 28/12/22): Wtf is that notation on the first (mathmode) line;

(X € A)z € X and (Y € B)y € Y? That’s only used when we have a quantifier. In this case the
proper notation would be z € X € A and y € Y € B. Again, the phrasing and presentation is
quite terrible, making the proof difficult to read and understand. The starting assumption is also
kinda strange, why not just start with assuming 2 € | J(A U B), then later the converse?

Qns 22 x
Show that for if A and B are nonempty sets, (J(AUB) = AN B.

Assume A and B to be nonempty sets. Let X € A)Y € Bandz € X,y €Y,

X,Y € AUB

VX,Y(:€ XNz€Y) <= z€[|(AUB)
Also, observe that:
VX(xeX) < ze()A
VW(yeY) < ye()B

Thus,
VX,Y(2€ XNz€Y) < z€[)ANn(\B

So, since for any arbitrary z, as long as VX, Y(z € X Az €Y), then z € (AU B) and
z € (YAN(), therefore by the Extensionality Axiom, (J(AUB) =(1AN[)B. Aslong as A and B
are nonempty sets.

QED.®

Remarks (Big Check 1, 28/12/22): Much of the same issue as my past answer to Qns 21. T get the
gist is the line of reasoning I was going for but still terrible, if im being honest.
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Qns 23 x
Show that if B is nonempty, then AU B = ({AU X|X € B}.

Assume B is a nonempty set. Let Y € Aand X € B,y €Y and x € X,
VX(x€X) < z€()B

z€ AVVX(z € X) — zGAUﬂB

Also, notice that
z€AVzeX < z€ AUX

Thus,
2€AVVX(2€X) = z€[ {AUX|X € B}

So, since for any z, z € AV VX(z € X) means that z is an element of both AU (] B and
N{A U X|X € B}, by the Extensionality Axiom, AU B =({AUX|X € B}

QED. H

Remarks (Big Check 1, 28/12/22): Again, I get what I was trying to bring across. However, the
issue again lies in the frankly terrible presentation of it.

Qns 24

(a) ~ Show that if A is nonempty, then Z (A ={Z(X)|X € A}
(b) Show that (J{Z(X)|X € A} C ZJA

(a)
Let X € A,z € X, y € Z() A, notice that:

ze()A < VX(z€X)

ye 7(NA <= yc()4
= Va(r ey = wGﬂA)

—= Vr,X(zey = z€X)
Thus,
Ve, X(z ey = z€X) < VX(y CX)
= VX(y € (X))
= ye[ 2(X)|X € A}
So, since for any y, y € (A <= y e ({Z(X)|X € A}, ZNA={Z (X)X € A}
QED. ®

Remarks (Big Check 1, 28/12/22): Well, its more readable than some of the previous ones but the
presentation is still clunky at best. Also, in the first line, there’s no need to state the definition of
the Union Axiom.
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(b) x
Let z € X, X € Aand y € J{Z(X)|X € A},

Then,

ye| HZ(X)|X € A} = ye 2(X)
— yCX
— zrzcy = ze€X

Using the fact that

re|JA = (XeAzeX

= zcX
It follows that:
ye| HZ(X)X €A} «= zey = ze|J4A
= yQ@UA

So, since y €  J{Z(X)|X € A} = y e £|JA, by the definition of the subset,
U{Z2(X)|X e A} Cye 2JA.

QED. ®
Remarks (Big Check 1, 28/12/22): Same issues again with presentation and stuff. We're missing

the existential quantifiers and brackets. Also, in the last mathmode line, 'm pretty sure I meant
to write y € Z|J A instead of y C & A.

Qus 25

Is AUJ B always the same as (J{AU X|X € B}? If not, then under what conditions does the
equality hold?

Let z € AU|JB and X € B,

Then,

zeAUUB — zeA\/zeUB

— z€AVze X
— z€e AUX

= ze| {AUX|X € B}

Thus, since for any z, z € AU|JB <= z € |J{AU X|X € B}, by the Extensionality Axiom,
AU B is always the same as z € J{AU X|X € B}.

QED. ®
Remarks (Big Check 1, 28/12/22): Aside from the missing brackets and (two) existential

quantifiers, the proof’s general outline seems fine. But there’s no need to say that “By the
Extensionality Axiom...”
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1.1.4 Epilogue
Quns 31

Let B be the set {{1,2},{2,3},{1,3},{2}}

Let S be the set {{a}, {a, b}}. Evaluate and simplify:
(a) YU S

(b)yNNs

@ NUsuUUS\UNS)

(a) v UUS=U{a,b} =aUb

(b) v NS =(a} =a

(© v NUSUUUS\UNS) = (enB)U[(aUb)\a] = (anb) U (b\a) = b
Qns 33

With S as in the preceding exercise, evaluate | (|J S\ ()S) with when a # b and when a = b
U(Us\NS) = Utta b fah) = Uy =

Therefore, when a # b, |J(IJS\(S) = U{b} = b, and when a =b, U (US\S) =2
Remarks (Big Check 1, 28/12/22): In order to claim |J({a,b}\{a}) = J{b}, we are using the

assumption that a # b. So it would have been good if that was explicitly stated. But yeah the
final answers should be correct.
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Quns 34 v
Show that {@,{@}} € L2 P P(S) for every set S

Since all non-existent elements of @ are in any and all sets, it is true that @ is a subset of all sets.
Thus, for any set S,

e PP(S)
2ePPPS)N{@} e PPP(S)

Meaning that PP (S) = {@,{2},---} . Therefore, {@,{2}} is a subset of L2 L2(S):
{2,{0}} e P2LPPP(S)
So, {@,{@}} € PP P(S) for every set S.
QED. ®
Remarks (Big Check 1, 28/12/22): The first sentence is unnecessary as @ begin a subset of any
set is trivial enough. Again, use English words over symbols like A. But the phrasing here isn’t as

horrendous as some previous questions. And it seems fine in general, albeit with a lot of room for
improvement.

Qns 37 v

Show that for the following sets the equations hold:
(a) (AUB)\C = (A\C) U (B\C)

(b) A\(B\C) = (A\B)U (ANC)

(©) (A\B)\C = A\(BUC)

(a) v

te(AUB\C <= t¢CAN(te AVte B)
— (teANt¢C)V(teBAt¢ )
<— te (A\C)U(B\CO)

Therefore, (AU B)\C = (A\C) U (B\C)
(b) v

te A\(B\C) <= te ANt ¢ (B\C)
<< tcAN({t¢BVtel)
— (te ANt¢B)V(te ANte D)
< te (A\B)U(ANC)

Therefore, A\(B\C) = (A\B)U (ANC)
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te (AA\B)\C < (t€ ANt¢B)At¢C
— tc ANt ¢ BAt¢C)
<— te A\(BUC)

Therefore, (A\B)\C = A\(BUC)

Remarks (Big Check 1, 28/12/22): Would have been good to add the necessary brackets, even
though it should be clear what is meant. Not really a big issue here tho.

Qns 38

Prove that the following are valid:
(a) ACCABCC < AUBCC
b)) CCANCCB < CCANB
(a)

AUBCC(C < (te AvVteB) = te(C
<— (te A = teC)AN(te B = t€B)
<— ACCABCC

So, ACCABCC < AUBCC.

Remarks (Big Check 1, 28/12/22): We should have added for all ¢ with some additional brackets.
The transition from the first to second step should have shown some intermediary steps to be
clearer as well. But overall, the gist is fine.

(b)

CCANCCB < (teC = tcA)AN(teC = t€ B)
— teC = (te ANt€EB)
<~ CC(ANB)

So, CCANCCB < CCANB.

Remarks (Big Check 1, 28/12/22): Same thing here as in part (a).
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1.2 Relations and Functions

1.2.1 Ordered Pairs

1. v Suppose that we attempted to generalise the Kuratowski definitions of ordered pairs to

ordered triples by defining
(z,y,2)* = {{z} . {z,y} {2, y, 2}}
Show that this definition is unsuccessful by giving examples of objects u, v, w, x, y, z with

(@,y,2)* = (u,0,w) *

but with either y # v or z # w (or both).
Answer:

Example:

<1) 2, 1> = {{1}7 {15 2}’ {1’ 2, 1}}
= {{1}7{1’2}a{172}}

<1’272> = {{1}7 {1’2}’ {1’2’2}}
= {{1}7{1a2}a{1a2}}

Therefore, (1,2,1) = (1,2,2) by this definition. Through this definition, as long as w =y V w = z,
then (z,y, z) = (u,v,w). This is not what we want from the definition of an ordered triple, as we
want an ordered triple in the form (z,y,2) = (u,v,w) ff s =uAy=vAz=w.

Remarks (Big Check 1, 28/12/22): Would have been good to say something like “in spite of the
fact that 1 # 2 in the third coordinate.” after “Therefore, ... by this definition”. Still, a valid
counterexample!

3. v/ Show that
Ax|JB=|J{Ax X|X € B}

Proof:

<x,y>€A><UB — xEA/\yGUB

<— X eB(zxeAnyeX)
< IX e B({z,y) € Ax X)

= (z,y) €| J{A x X|X € B}
QED.®

Remarks (Big Check 1, 28/12/22): Yeah seems fine, its just that I would prefer an additional
bracket in the first line.

45



4.  Show that there is no set to which every ordered pair belongs.

Suppose that there exists a set S to which every ordered pair belongs. Now, by the Union Axiom
we have

xEUUS < dsIy(se SAyESAT EY)

— F:{{yh{y.z}} e SA(we{y} v e{y,2})]
= FE{{yh{y.z}} e SA(e=y Ve =2)]

By the Axiom of Pairing, given any sets y, z, there exists the sets {y}, {z},{y, z}. So, this means
that the existence of such a set S containing all ordered pairs means that there also exist a set
UU S containing all sets. However, this contradicts Theorem 2A (Russel’s Paradox) that there
must not be any set of all sets. Thence, there does not exist a set S to which every ordered pair
belongs. :D

Remarks (Big Check 1, 28/12/22): Yeah the general idea is there. But the presentation could
again be better. Like, there’s no reason to use z € |J|J S instead of (x,y) € [JJS. Also, the
dsTy(s € S Ay € s Ax € ) part is unnecessary. Hence, let us do a redo of the above proof.

Redo of proof (2 proofs):

1. Assume that there exists such a set S of all ordered pairs. Now, we construct the subset
S" = {(z,z) | (x,x) € S}. Notice that every (z,z) can be simplified to {{z}}, by definition.
Therefore, S’ is the set of all such {{z}}. By the Axiom of Pairing, the set {{z}} exists iff
{z} does. Whence, we can conclude that [J S’ is the set of all singletons. However, this is in
clear contradiction to exercise 4 of chapter 2. Wherefore, it must be that no set of all
ordered pairs exists.

2. Suppose there exists such a set S of all ordered pairs. Then, (S is a set containing all {z}
and {z,y}, because by the Axiom of Pairing, (z,y) exists iff {} and {x,y} do. We repeat
this procedure once more; [ JJ S is our set of all sets, as by the Axiom of Pairing once more,
{2} and {z,y} exists iff the sets 2 and y (that belong in | J|JS) do. However, this now
contradicts Theorem 2A which states the nonexistence of a set of all sets. Wherefore, it
must be that no such set of all ordered pairs exist.

QED. H
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5. v

(a) v/ Assume A and B are given sets, and show that there exists a set C such that for any v,
y€C < y={x} x B for some z in A

In other words, show that {{z} x B|z € A} is a set.

(b) v With A, B, and C as above, show that A x B=JC

(a)

Let A and B be sets.
By Corollary 3C, A x B = {{(z,y) |z € AAy € B} is a set.
By the Powerset Axiom, #(A x B) is also a set.

For any given x € A, {x} C A by a subset axiom. This is just one possible selection of 2 out of
possibly many in A; thus {} x B C A x B is also a set by another subset axiom.

re{z}xB < r={(x,y) ANz € ANy€EB
= rcAxB

So, by a subset axiom on Z(A x B), C = {{z} x B|z € A} is a set too.

QED.®

Remarks (Big Check 1, 28/12/22): Rather than the mathmode part with symbols, nowadays I
would probably prefer to write that in words. Also, after that part it would be nice to first
explicitly state that {x} x B is a subset of A x B, followed by the final conclusion. Otherwise,
yeah looks ok to me.

(b)

yEUC = yeU{{x}xB|x€A}
— (TreAyec{z}xB
— yecAxB

QED.®

Remarks (Big Check 1, 28/12/22): Again, would prefer words. But seems fine.
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1.2.2 Relations
6. x Show that a set A is a relation iff A C dom A x ran A

Assume set A is a relation. We can expand dom A X ran A to help us:

dom A x ran A = {(z,y) |xr € dom AAy €ran A}

= {(@,9) [z € {z[Fz1(x421)} Ny € {y[Fza(224y) }}
= {{(z,y) |Fz1322(xAz1 A 20Ay2)}

Thus,

(z,y) € A <= zAy
= (z,y) € {{z,y) [Fz1F22(xA21 A 22Ay2) }
(In this case, t = 20 Ay = 21)

= (z,y) € dom A xran A
So, A being a relation implies A C dom A X ran A.
The converse holds true rather simply; Suppose dom A and ran A are some sets, such that there
isaset ACdom A xran A

dom A x ran A = {(z,y) |xr € dom AAy €ran A}

ACdomAxranAd < [n€ A < (ne€dom A xran AA )]
for some predicate .
Thus, A is obviously a set of ordered pairs and hence a relation.
Thence, a set A is a relation iff A C dom A x ran A.
Remarks (Big Check 1, 28/12/22): Seems a bit of a mess tbh, presentation leaves much to be
desired. Hence, we shall now do a redo of the above question.

Redo of proof:

Assume that the set A is a relation and (z,y) is some element of A. Clearly, x € dom A and

y € ran A since xAy. Consequently, (x,y) is in dom A x ran A. Which also means

A C dom A x ran A. Conversely, suppose A C dom A x ran A. Since the Cartesian product
dom A x ran A only contains ordered pairs by definition, the set A must also only have ordered
pairs in it. Therefore, A is a relation. Wherefore, the set A is a relation iff A C dom A x ran A.

QED.H
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8.~ Show that for any set «:
domU% = U{dom RIRe &/}
ranU% = U{ran RIRe o}

We can simplify dom|J .« and | J{dom R|R € &/} into their respective logical expressions first:

z €| J{dom RIR € #} «= 3IR(R€ o/ Az € dom R)

<= 3JR[R € & A Ft({(z,t) € R)]
<= JR3t(R € & A (z,t) € R)

xEdomU% = EIt((:E,t) GUA)
<= JRIt(R € 4 A (z,t) € R)

Now it is simple to see that
v €dom| Jo < z €| J{dom RIR € &/}

So, obviously, by the Axiom of Extensionality, dom|J < = (J{dom R|R € &}.
The case of ran|J &/ = |J{ran R|R € &/} is basically the same procedure, so I won’t redo it again.

Remarks (Big Check 1, 28/12/22): Rather than writing two chains of biconditionals and then
doing a conclusion, it is simpler to just write it down in one chain, i.e.:

x € U{dom RIRe o/} <= JR(Re &/ Nz € dom R)

<= 3JR[R € & A 3Jt({x,t) € R)]
<= JRIt(R € o N (x,t) € R)

= 3t ((:17,t> € UA)
— zx € domU,;z/

Which affected the coherency of the above proof.
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1.2.3 n-ary relations

10. v Show that an ordered 4-tuple is also an ordered m-tuple for every positive integer m less
than 4.

Proof:
(a,8,7,Q) = {{a, 8,7, Q)

This shows that a 4-tuple is also a 1-tuple.

<a757’Y’C> = <<a7/877>7<>

This shows that a 4-tuple is also a 2-tuple.

<aa67'yvc> = <<<Oé,,6> a7> 7C> = <<a76> ”77C>

This shows that a 4-tuple is also a 3-tuple

Thence, a 4-tuple is a m-tuple for every positive integer m less than 4.
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1.2.4 Functions

11. x Prove the following version (for functions) of the extensionality principle: Assume that F
and G are functions, dom F' = dom G, and F(z) = G(z) for all = in the common domain. Then
F=aG.

dom F' = dom G and F(z) = G(x) for all x in the common domain means that:

Va(z € dom FAz € dom G = F(x) = G(z))
<= Vz[zr €dom FAz € dom G = Ty(zFy < zGy)]
<= Vz[zr € dom FVzedom G = TJy(xzFy <= xGy)], since dom F = dom G
= F=G

Thence, our proof is complete since we have shown F = G.

Remarks (Big Check 1, 28/12/22): Unnecessary use of symbols which make the proof very hard to
read, and neither clear nor concise. Resultantly, we will redo this:

Redo of proof:

Assume that F' and G are functions so that dom F' = dom G and F'(z) = G(x) for all z in their
common domain. Consequently, we see that

F={zy|recdomF &y=F(x)} ={{z,y) |z €ranG & y = G(x)} = G. Wherefore, we
conclude that ' = G.

QED. ®
14. Assume that f and g are functions.
(a) x Show that f N g is a function.
(b) Show that f U g is a function iff f(x) = g(x) for every z in (dom f) N (dom g).

(a) Let f,g be functions,
z€fNg < (z€ fAz€g) < TaTy(z = (z,y) Nxfy Azgy)

So, f N g certainly contains tuples (only). Assume that f N g is not a function, i.e. fNgis
not single-valued. Now;

o3y Iya [((z,91) € FNg) A (@, 92) € fNg)]
< o3y Iy2[((,y1) € ) A (2, 92) € F) A (2,91) € 9) A ({2, 92) € g)]

However, we initially let f, g be functions, and it is shown that our assumption that f N g is
not a function (more precisely, that f N g is not single-valued) leads to a contradictory
conclusion that f, g are not functions. So, by contradiction, f N g must be (single-valued,
and) a function (since we shown it contains tuples only and f N g is indeed single-valued).

Remarks (Big Check 1, 28/12/22): Yeah this seems like quite an unnecessarily convoluted
mess. Let’s redo this.

Redo of proof:

Assume that f and g are functions. Clearly, f N ¢g must contain only ordered pairs, hence, it
is a relation. Now, we need to check for single-valuedness. Suppose that (x,y1) € f N g and
(x,y2) € f N g simultaneously. Then, it follows that (z,y1) € f, (x,y2) € f, (x,y1) € g, and
(x,y2) € g. Consequently, since [ and g are single-valued (as they are functions), y3 = y2. In
other words, f N g is a single-valued relation. Wherefore, f N ¢ is indeed a function.

QED. H
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(b) Let f, g be functions once again;

Vavyl[(z,y) € fUg <= (zfyV zgy)]
If f U g is a function, it has to be single rooted, meaning that:

fUg is a function
= [Vavy Vs ([(xfy V zgyr) A (xfy2 V 2gy2)] = y1 = y2)]
= [(YavyVyal(zfy V zgy) A (xfy2 V zgye)]) = y1 = y2)
Since f, g are functions, meaning they are single-rooted and
it is never the case that (zfy1 A xfyz) or (zgy1 A xgys) is true;
= [(YaVyiVye[(afyr Azgye) V (e fy2 V zgy1)]) = y1 = 2]
= [(VaVyiVyz (2 € dom f Az € dom g A[(zfyr Azgye) V (wfy2 V zgy1)])) == y1 = y2]
[ (VaVyVy2(z € dom fNdom g A [(zfyr Axgy2) V (xfy2 Vazgyr)])) = 11 = 2]
(V z €dom fNdom g = [f(x)= g(x)]))

So, fUg is a function iff f(x) = g(z) for every x in (dom f) N (dom g).

Remarks (Big Check 1, 28/12/22): Again, this is unnecessarily convoluted and quite an
unreadable chunk of symbols. So, let’s redo this too!

Redo of proof:

Assume that f and g are functions so that f U g is also a function, and let « € (dom f) N (dom g).
Then, we see that (x, f(x)) € f and (x,g(x)) € g. Consequently, (z, f(z)) and (z,g(z)) are in
fUg. So, since fU g is a function, f(x) = g(z) must hold true.

Conversely, now suppose f and g are functions such that f(z) = g(x) for every z in

(dom f) N (dom g). Clearly, f U g can only contain ordered pairs, and is hence, a relation. Now, we
need to show that f U g is single-valued. Let (x,y;) and (x,ys) be in f Ug. When both ordered
pairs belong to f or both belong to g, then y; = yo immediately, as f and g are functions.
Consider the case that one belongs in f and the other in g. Accordingly, f(z) = g(x) would mean
that y; = y2 by our supposition. In any case, we conclude that y; = yo. In other words, f U g is
single-valued, thence it is a function.

Wherefore, f U g is a function iff f(z) = g(z) for every x in (dom f) N (dom g).
QED. N
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1.2.5 Infinite Cartesian Products

31. = Show that from the first form of the Axiom of Choice we can prove the second form, and
conversely:

First Form: For any relation R there is a function H C R with dom H = dom R

Second Form: For any set I and function H with domain I, if H (i) # & for all i € I, then
[[ H(i) # 2.

iel

The First Form Implies The Second:

Assume the first form of the AOC.

Let H be a function with domain I, the relation R = I x |J
A={(i,y)[iRy Ny € H(i)}.

If H(i) # @ foralli e I, dom A= 1.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

' If it isn’t clear enough to the reader; Since R = {Gy)lielnyeU,c  HH},

e H(i), and

l Vidy l:z €l = yeH()C U H(i):| < Vidy(i € I = [iRy Ay € H(i)])
| iel

| So dom A = {i|3y(iAy)} = {iliRy Ay € H(i)} = I.

|
L e o o e e e e e e e e e e e e e e e e e e e e e e e e e e =

By the first form of the AOC, there exists a function f C R with dom f = dom A = I.
Therefore, [[ HG@) =< f: I — U H(%)

i€l icl
function f constructed above.

(VieI)[f(i) € H(i)] p # @ since it contains at least the

i€o i€l
(Vi € @)[f (i) € H()] is vacuously true.

When I =2, Y H(i) = 2. HH(i):{@:@e@

(Vi e @)[f(i) € H(z)]} = {2} # @, because

The Second Form Implies The First:
Assume the second form of the AOC:

Again, let H be a function with domain 7. Define the relation

iel
i € I, there exists a y € H(i) (i.e. H(i) # @). By the second form of the AOC, there exists a
function f: I — (J,c; H(7) such that for all i € I, f(i) € H(i). Wherefore, f C E (as the only
difference between them is that f has the extra condition that it must be single-valued) and
dom f =dom FE = I.
In the case that E = @, it already is a function. £ C E and dom F = dom E. Hence, for all
relations F, there exists a function f with dom f = dom E.

E= {(i,y)e]x U H(i) |y € H(7) 7, such that dom E = I. If E # &, then I # &, and for all

The definition of E above is done without loss of generality:
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:We shall show that it is equivalent to defining a relation € C X x Y and letting dom & = [.
1 Define H to be the function (with domain I) such that, for all i € I,

1y € H(i) <= i€y. Thus, i€y <= y € U,c; H(9) also.

' Now,

iBy <= (i,y) €I x | JH() Ay € H(i)
il

<~ (i,y) € {(a,b)

acInbe UH(i)/\beH(i)}

el
< (i,y) € {(a, b)

(i,y) € {(a,b) [ a€b}

a € dom@/\a@b}

QED. m

Remarks (Big Check 1, 29/12/22): In the part for the first form implies the second, we already
constructed a specific function f. Hence, we should have used another symbol in

[THEG =< f:I—=JH(@G |V el)f(i)e H(i)] ; # 2 instead. The presentation and choice of
il il

words has much room for improvement. The first elaboration box is kinda unnecessary, and the
explanation there was hard to read. In addition, it could have been carefully woven to flow with
the rest of the text instead. Similarly with the second elaboration box, what it was trying to bring
across could have been incorporated into the portion above it. However, the general idea is there
and it isn’t so terrible as a whole that I'm getting a stroke reading it. Hence, I give it a bare
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1.2.6 Equivalence Relations

35. v Show that for any R and x, we have [z]g = R[{z}]
[z]r = {tleRt} = {t|(3x € {z})aRt} = ran(R | {z}) = R[{«}]
QED. 1
37. v Assume that II is a partition of a set A. Define the relation Ry as follows:
xRny < (3Be€ll)(x € BAy € B)

Show tht Ry is an equivalence relation on A. (This is a formalised version of the discussion at the
beginning of this section.)

Ry is reflexive (on A):

(Ve A)3BelIl)(x € B) < (Vx€ A)(ABcIl)(x € BAz € B)
<— (Vz € A)(zRnzx)

Ry is symmetric:

zRny <= (3B e€ll)(x € BAy € B)
< (IBe€ll)(ye BAz € B)
<~ yRnx

Ry is transitive:
(xRny ANyRnz) < [@Bell)(xe BAye B)A(BC eIl)(ye C Az e C)]

Since IT is a partition of A, its elements are disjoint, i.e.: Iff B #£ C, BN C = &. Therefore, in
order fory € BAy e C, B=C,

(tRny ANyRnz) < [(ABe€Il)(r € BAy € B)A (3B €ll)(y € BAz € B)]
< (3Bell)[(xe BAye B)A(y€ BAz € B)]

< (3B ell)[(x € BAy € BAz € B)]

= (AB € I)[(x € BAz € B)]

— zRnz

So, since the relation Ry on the set A satisfies all 3 properties of reflexivity, symmetry, and
transitivity, Ry is indeed an equivalence relation on A.

QED. ®

Remarks (Big Check 1, 29/12/22): Yeah should be correct. However, it would again have been
nice to have more English words and explanations rather than symbols.
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Self-Exercise 1. Let F': A — B and for points in A define
z~y iff F(x)=F(y).

The relation ~ is an equivalence relation on A. There is a unique one-to-one function
F: A/~ — B such that F' = F o ¢ (where ¢ is the natural map as shown in Fig. 13)
(p: A — A/~ and ¢(x) = [z].). [Example from page 58-59].

Prove the existence of the unique F.
First Edition:
Existance of "

By Lemma 3N, for all z,y; x ~ y iff [z]~ = [y]~. So, [z]~ = [y]~ Iff F(z) = F(y). Wherefore,
F(z) eran F iff [z]. € A/~.

Accordingly, we can define F([z].) = F(z) (for all z). By this definition, F is injective:

)
F(lyl~)

(

]

F(z].)

2] =

|
|

)

~

Y

Next, p: A — A/~ is surjective (i.e. ranp = A/~); because for all equivalence classes
ol €4/~ z e A=dompsuch that p(z) =[al~.

| .
, For even more details:

3 Vz[z € A/~ = Tz(z € ANz = [z]~) = Fz((z,[z]~) € 9)]
| Va[(z, [z]~) € ¢ = [z]~ € A/~

| It then follows that [z]~ € A/~ = (z,[z]~) € @. By definition, ranyp = A/~.

As a result, by Theorem 3H dom(F o o) = {z € A|p(x) € A/~} = A since ranp = A/~ .

Thence, there exists a function F': A — A/~ such that (F o ): A — B where F = F o ¢.

Uniqueness of F:

Assume there exists another injective function G: A/~ — B such that F = Goyand G # F.In
order for G # F, there are three possible cases:

1. domG # dom F': Then this immediately contradicts our assumption that G: A/~ — B.
Naturally, this is thus not possible.

2. ran G # ran F' (F and @ are otherwise identical) : Consequently,

ran(G o @) = {t| 3z[z(G o p)t]} F=Foop
= {t| 323y (zpy A yGt)} ran F' = ran(F o ¢)
= {t eran G | p(x) € dom G} = {t eran F| p(z) € dom F'}
:rané;éranﬁ' =ran F'

This implies that ran(G o o) # ran F. However, this would mean that F # G o ¢. By
contradiction, this is not possible either.

3. There exists some z such that é([l’],\,) # F(z) (Fand G are otherwise identical): By Theorem
3H, dom(G o ) = A, and for all = € A, (G o p)(z) = G(p(z)) = G([z]~). Thus, (for all z)

G(lz]~) # F(z) = (Gop)(x) # F(x)

Simultaneously, by our assumption, F' = G o ¢. Thus is true iff, for all z, F(z) = (G o ¢)(z).
These two statement cannot be true simultaneously. Hence, by contradiction, this case is
impossible.
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[0 All other cases are when multiple of the above situations are true simultaneously. Since we
already shown above that none of them are true individually, all other cases described above
are false too.

(Although the above proof that 2. and 3. are false relies on dom & # dom F‘, if that is not true, then from 1.
it would already be false.)

As a result, there exists no injective function G: A/~ — B such that ' = G o ¢ and G # F.

So, the function F' we have constructed is unique.

QED.®

Remarks/AFI:
Existance of F:

"we can define F'([z].) = F(x) (for all z)." We do not actually construct the function £
here. This is already assuming (without rigorous justification) that a function F' with such a
mapping exists, and hence, creating a circular argument technically. Instead, we construct the set
of ordered pairs we use to define what is F'. See Revised, Second Edition. After we construct it
rigorously, yes we do indeed find that the claim F([z].) = F(z) is true under that construction.
However, we cannot say E'([z].) = F(z) without that rigorous construction.

Uniqueness of F:

Should work fine. However; There’s a simpler and more elegant way to do it. Simply assume
Fop =G oy and show then show that F' = G! :D

Credit/Thanks to Neverbloom#6760 on the math discord for helping me check my work and give
me feedback.
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Revised, Second Edition:
Existance of F: v/

By Corollary 3C, the set (A/~) x ran F' exists. Using a subset axiom, for all sets (A/~) x ran F,
there exists F': A/~ — B where

F={(a,b)|ae A/~ A beran F A F@)=H}
= {{[z]~, F(2)) |z € A} as dom F' = A

This is indeed a function, because it is single-valued:

x -~z by Lemma 3N

By this definition, Fis injective:

F(z) = F(y)
T~y
(]~ = [Y]~

So, by Theorem 3H; dom(F op)={z € Alp(x) € A/~} = A. Lastly, by the same theorem, for
all z € A, (F o p)(x) = F(p(z)) = F(lz].) = F(x).

Thence, there indeed exists an injective function F: A/~ — B such that (F op): A— B and
F=Foop.

Uniquness of F:

If there exists also an injective function G: A/~ — B such that (Gog): A— Band F =G o,

then Fop=Gop.
Fact 1: For all y € A/~, there exists an x € A such that y = [z]. = ¢(z).

Il
Qz

Fop=Goyp

For all z € A, F(p(z)) = G(p(x)) by Theorem 3H
F([2]~) = G(la]~)

For ally € A/~ F(y) = G(y) by Fact 1

Wherefore, F' = {{y, F(y)) |y € A/~} = {{y,G(y)) |y € A/~} = G. Which means that the F we
have constructed is indeed unique.

Remarks (Big Check 1, 29/12/22): There’s an error in the part highlighted in green; it should
probably be replaced with (3z € a)F(x) = b, because the domain of F' is A and not A/~. Then,
for the reasoning in the next line we just have to add “and A/~ is a partition of A”. Otherwise
the proof looks good, the presentation is decent, tho not the best.
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Self-Exercise 1.1: v The Universal Property of The Quotient Set: If X is a set and ~ an
equivalence relation on X, then the natural/canonical projection ¢: X — X/~ such that

(x) = [z]~ can be formed. For any other set Y and function f: X — Y that respects ~, i.e (for
all z and z') & ~ 2’ = f(z) = f(2'); there exists a unique function F': X/~ — Y such that

f=Foy:

x 1 4y

o
ol
.7 F
X/~

On the contrary, if f does not respect ~, then there does not exist such a function F: X /~—=Y
such that f = F o .
Self-Exercise 1 was a special case of this theorem, where we assumed that = ~ 2" iff f(x) = f(2').
Prove the Universal Property of The Quotient Set.
Existance of ¢:

By Corollary 3C, the set X x (X/~) exists. By the Axiom Schema of Specification, we construct
the natural/canonical projection p: X — X/~
Fact 1: For all v € X/~, there exists an x € X such that v = [z].. (By defs.)

e={(u,v)|ue X Ave (X/~)Av=[ul.}

o ={(u,[u]~) |ue X} By Fact 1

Existance of F:

Let f: X — Y be a function that respects ~; By Corollary 3C, the set (X/~) X ran I exists.
Using a subset axiom on (X/~) x ran F', define the function F': X/~ — Y where

F={{a,b)|a e X/~ Aberan f A [Fl@y=hH}
= {{[z]~, f(z)) |z € X} as dom f = X

This is indeed a function, because it is single-valued:

z~x by Lemma 3N
f@) = f(')
([#]~, f(@) = ([2"]~, f(2))
F(fz]) = F([2'])

m

So, by Theorem 3H; doq(ﬁ op)={r € X|p(z) € X/~} = X. Lastly, by the same theorem, for
all 2 € X, (F o)) = Flp() = F(l)) = [(2). A
Consequently, f = {(z, f(2)) |z € X} ={(z, (Fop)(z)) |z € X} = (Foy)

Thence, there indeed exists a function F': X/~ — B such that (Fop): X — Band f = F o .
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Uniquness of F:

If there also exists a function G: X/~ — B such that (Gop): X — B and f = G o ¢, then
Fop=Goop.

Il
Qz

Foyp
For all z € X, F(o(x)

F(lz]~
For all v € X/~ F(v

Il
Qz

op
(¢(x)) by Theorem 3H
I~

([]~)
(v) by Fact 1

1
Qr

)
)
)

I
Qr

Wherefore, F' = {(v, F(v))|v € X/~} = {(v, G(v)) |v € X/~} = G. Which means that the F we
have constructed is indeed unique.

If f does not respect ~, then there does not exist such a F:

Assume that f does not respect ~ and there still exists such a function F: X/~ =Y so that
f = F op. Note again that f(x) = (Fop)(x) = F(e(x)) = F([z]~) (Theorem 3H). Then for all x
and z’ such that z ~ 2/,

[7]~ = [2]~ by Lemma 3N
F(a]~) = F([2'])
fl@) = f(a)

However, this contradicts our assumption that f does not respect ~, i.e. that there exists some x
and z such that = ~ 2" and f(z) # f(z'). So, if f does not respect ~, then there does not exist
such a function F' such that f = F o .

Remarks (Big Check 1, 29/12/22): Actually since we claimed ¢ to be a function by writing

p: X — X/~ it would have been good to verify that it is indeed a function. However, it is indeed
pretty trivial. The part in green is just the same issue as before. Again, other than that the proof
looks good, the presentation is decent, tho not the best.

60



40. v" Define an equivalence relation R on the set P of positive integers by
mRn <= m and n have the same number of prime factors.

Is there a function f: P/R — P/R such that f([n]g) = [3n]g for each n?

We define the function F': P — P such that F(n) = 3n. F is compatible with R. If mRn, then m
and n have the same number of (unique) prime factors. Let this number be k. There are two
cases to consider.

1. 3 is not a prime factor of m or n. Then f(m) = 3m and f(n) = 3n both have k 4+ 1 (unique)
prime factors. As a result, f(m)Rf(n) is true.

2. 3 is a prime factor of m and n. Then f(m) = 3m and f(n) = 3n have k (unique) prime
factors. Hence, f(m)Rf(n) holds again.

Indeed, we see that F' is compatible with R.
Wherefore, by Theorem 3Q, the function f: P/R — P/R exists such that
f(In]r) = [F(n)]r = [3n]r.
41. v Let R be the set of real numbers and define the relation @ on R x R by (u, v)Q(z,y) iff
u+y=x+0.
(a) v Show that @ is an equivalence relation on R x R.

(b) v Is there a function G: (R x R)/Q — (R x R)/Q satisfying the equation
G([(z,y)le) = [z + 2y, y + 22)]?

(a) @ is Reflexive on R x R:

For all {u. ¢} € R x R. u+v = v+ u because addition of real numbers is commutative.

Consequently, (u, v)Q(u, v).

Q@ is Symmetric:

For all (u,v), (z,y) € R x R; if (u,v)Q{x,y), then u+y = x + v is true. Hence, z +v =u+y
immediately holds, so does (z, y)Q{(u, v).

Q is Transitive:

For all (u,v), (z,y), (a,b) € R x R: If (u,v)Q{x,y) and (x,y)Q{a,b) are true, it means that
u+y=x+wvand x4+ b=a+y. So, by normal arithmetic on real numbers,
u+y=a+y—>b+vthus u+b=a+ v, meaning (u,v)Q{(a,b) is true.

() is an equivalence relation on A since all three properties of an equivalence relation on a
set have been proven true.

Remarks (Big Check 1, 29/12/22): u+ v = v + u tells us that (u,v)Q{v,u). Which is not
what we wanted. Actually we could simply say that u + v = u + v, after which (u, v)Q{(u,v)
follows easily. Otherwise, looks good.

(b) Let f: R x R — R x R such that f({z,y)) = (z + 2y, y + 2z).
(u, v)Q(x,y) implies

u+y=x+v
204 2x =2y + 2u
(u+y)+ 2v+22) = (z +v) + 2y + 2u)
(u+2v) + (y+22) = (z +2y) + (v + 2u)

As a result, (u+ 2v,v 4+ 2u)Q(x + 2y, y + 2x), i.e. f((u,v))Qf({x,y)). which means that f is
indeed compatible with Q.
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Now, by Theorem 3Q, there exists a function G: (R x R)/Q — (R x R)/Q such that
Gz, yle) = [f (&, 9)]e = [(z + 2y, y + 22)]o-
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42. x State precisely the ”analogous results” mentioned in Theorem 3Q. (This will require
extending the concept of compatibility in a suitable way.)

Assume that R is an equivalence relation on (A x A) x A. Let the function F': A x A — A be
friendly with R, i.e. (for all x,y, 2,4,k € A):

{x,y), z)R{{i,5), k) = {(x,y), F((z,y)))R{{(i,5), F({i,7))). Then, there exists a unique function
F:((Ax A)x A)/R — ((Ax A) x A)/R such that

(%) F([{{z, ), 2)r) = [((z,9), F({z;9) )] r

If F is not friendly / is hostile with R, then no such F' exists.

Existance of F:

Remarks: Not the most elegant extension of the results of Theorem 3Q by a long shot lol.

One that seems to be much better is as follows:
The analogous results are: Assume that R is an equivalence relation on A and that F: Ax A — A.
If F is compatible with R, then there exists a unique F': A/R x A/R — A/R such that

F(lz],[y]) = [F{z,y)] forall z € A.

If F' is not compatible with R, then no such F exists. Of course, we must extend the definition of
compatibility. Note that we would like to have the following commutative diagram:

AxA—L 44

| !

A/Rx A/R — A/R

From this, we see that if (x,y) and (u,v) have the same image under A x A — (A/R) x (A/R),
that is, ([z], [y]) = {[u], [v]), then we also like [F(z, y)] = [F{u,v)].
This suggests that we define that F is compatible with R if for any x,y,u,v € R,

xRy NuRv = F(x,y)RF(u,v).

Remarks (Big Check 1, 29/12/22): Yeah is not really a great extension of Theorem 3Q. But hey
we learn and bounce onto the next one.
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1.2.7 Ordering Relations

43. ~ Assume that R is a linear ordering on a set A. Show that R~! is also a linear ordering on A.

R~!is A Relation on A:

Since R is a linear ordering on A, R C A%. As a result, for all z
z€ R7' = {{y,2) | xRy} = 3Ty (z=(y,z) € Rfl)
= (z,y) €R
— (x,y) € A?
Which means that R~' C A2, and R™! is also a relation on A.

R~! is Transitive:

For all x,y, z € A;

(zRily AyR™'z) < (zRy AyRz)
= =Rz by the transitivity of the linear order R
— 2Rz

R~! Satisfies Trichotomy on A:

For all z,y € A, since R is a linear ordering satisfying trichotomy on A; either xRy, x =y, or yRx
(but never more than one). Consequently, we now have three cases to consider, that are only true
one at a time and never true simultaneously.

i. *Ry: Then yR™'z.
ii. x =y: Then y = .
iii. yRx: Then xR~ 1y.

Therefore, for all =,y € A; precisely one of yR~ 'z, y = x, and xR~ 'y is true. So, R~! satisfies
trichotomy on A.

Wherefore, since R™! is a relation on A which is transitive and satisfies trichotomy on A, R™! is a
linear ordering on the set A.

Remarks (Big Check 1, 29/12/22): Instead of saying z € R™!, we should just write (y,z) € R™1.
To be specific, we should conclude the first part by saying R~! is a binary relation on A, not just
any relation on A. The last part on showing that R~! satisfies trichotomy on A could be more
succinct and straight to the point. But ok I get the main arguments which are sound.
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44. v Assume that < is a linear ordering on a set A. Assume that f: A — A and that f has the
property that whenever & < y, then f(z) < f(y). Show that f is one-to-one and that whenever

f(x) < f(y), then x < y.

f is an injective function:

If f(x) = f(y), then as z,y € dom f = A and < satisfies trichotomy on A, one and only one of the
following are true:

(i) = <y, implying f(x) < f(y).
(ii) = =y, implying f(z) = f(y).
(i) y < x, implying f(y) < f(x).

(i) and (iii) are impossible because they contradict our assumption that f(x) = f(y). Hence,
x = y is the only possibility.
In other words, for all z,y € A, if f(x) = f(y), then z = y. f is now an injective function.

Whenever f(z) < f(y), then z < y:

Assume f(z) < f(y). Again, by the same reasons, exactly one of the following hold true;
(I) = <y, implying f(z) < f(y)-
(I) x =y, implying f(x) = f(y).

(IIT) y < z, implying f(y) < f(z).

In this case, (IT) and (III) are false since they contradict our assumption that f(z) < f(y). So, (I)
where x < y is the only possibility.
Wherefore, if f(x) < f(y), then z < y.

In sum, our results for this question are that, for all z,y € A,
Lz <yiff f(z) < f(y)
2. x=yiff f(z) = f(y)
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45. v Assume that <4 and <p are linear orderings on A and B, respectively.
Define the binary relation <, on the Cartesian product A x B by:

(a1,b1) < (a2,bs) iff either a1 <qaas or (a1 =a2 & by <pby)

Show that <y, is a linear ordering on A x B. (The relation <y, is called a lexzicographic ordering,
being the ordering used in making dictionaries.)

< is a Transitive Relation:

Whenever (a1,b1) <r, {as,bs) and (az,be) <r {(as,bs) is true, which is equivalent to
[ay <aaz or (ag=ay & by <pby)] and [az<saaz or (axa=as & bs <pbs),
there are 4 cases to consider:

1. a1 <4 ag and as <4 az: This implies than a; <4 az by the transitivity of the linear ordering
<4. Therefore, {a1,b1) <r {as,bs).

2. a1 <4 as and (ag = as & by <p b3): Then, a1 <4 as. SO7 <a1,b1> <L <U,3,b3>.
3. (ag=as & by <pby) and as <4 as: Again, a; <4 as. Hence, (a1,b1) <p, (as,bs).

4, (a1 = as & b1 <B bg) and (CLQ = as & by <p bg)Z NOW7 (a1 = as & b1 <B bg)
by the transitivity of the linear ordering <p. Accordingly, (a1,b1) <p, (as,bs).

Consequently, we see that if (a1,b1) <p, (ag,b2) and (as,bs) <, {as,bs) is true, then
(a1,b1) <r {(as,bs) is true. In other words, <y, is transitive.

<y, satifies trichotomy on A:

For all (a1,b1) and (ag,bs) in the Cartesian product A x B, there are 4 cases worth considering:
(I) a1 = az and by = ba: Then, by definition, (a1, b1) = (ag, bs).

(II) @1 <a a2 (whether by = bz, by <p bz, or ba <p b1 is inconsequential): Immediately,
(a1,b1) <p {asg,bs) is true.

(ITI) a; = ag and by <p by. Thus, {(a1,b1) <r, {(asz,bs) again.

(IV) a2 <4 a1 (whether by = b, by <p ba, or by <p by is inconsequential): It follows that
(az,b2) <p, (a1,bq).

(V) a1 = as and by <p b;. Similarly7 we have <a2, b2> <L <a1, b1>

Wherefore, for all x1, x2 € A X B, one and only one of x1 = x2, X1 <r X2, and x2 < X1 is true.
i.e. <y, satisfies trichotomy on A.

So, we conclude that <, is a linear ordering on the Cartesian product A x B — since the binary
relation <j, on A x B satisfies transitivity, and trichotomy on A.

66



1.2.8 Review Exercises

49. v Find as many equivalence relations as you can on the set {0,1,2}.

e {(0,0),(1,1),(2,2)}.

o {(1,1),(2,2),(1,2),(2,1),(0,0)}.

e {(0,0),(0,1),(1,0),(1,1),(2,2)}.

e {(0,0),(0,2),(2,0),(2,2),(1,1)}.

e {(0,0),(0,1),(1,0),(1,1),(0,2),(2,0),(2,2),(1,2),(2,1) }.

52. v Suppose that A x B = C x D. Under what conditions can we conclude that A = C' and
B=D?

It must be that the sets A, B, C, D are nonempty.

Self-Exercise 2: ~ Prove that if the sets A, B, C, D are nonempty, and A x B = C' x D; then
A=Cand B=D.

Assume that A # C or B # D, consider the following two cases. Then, there is some element that
belongs in A but not in C, or in C but not in A. Now, suppose, without loss of generality, that
exists € A such that x ¢ C. For this x and all b € B, (x,b) € A x B by Lemma 3B but

(x,b) ¢ C x D (See Details). However, this means A x B # C x D, contradicting our prior
assumption that A x B = C x D. The same argument holds for B # D as well. Therefore,

Ax B=CxD must imply A=C and B=D.

| See Details:

i By Lemma 3B

i VaVy(z,y € AUB = (z,y) € PPC) <= VaVy([(x € AV € B)A(y € AVy € B)]

| = (z,y) € 220)
| — Vavy((z € ANy € B) = (a,y) € PPC)
3 = VaVy((r € ANy € B) = (z,y) € Ax B)

So, for the aforementioned z, indeed (z,b) € A x B for all b € B.

Remarks (Big Check 1, 29/12/22): The presentation and phrasing of this has much room for
improvement. Also, we can actually do a simple direct proof over here by showing that A C C
and B C D, then show C C A and D C B thereafter using the same procedure. Good try tho :D
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58. v Give an example to show that F[F~1[S]] is not always the same as S.
Let the function F: R — R{ such that, for all z € R, F(z) = 22. Then, F[F~![R7]] =2 #R".

Self-Exercise 3.
i. x Prove that S = F[F~![S]] iff S CranF.
ii. ~ Prove that S = F~I[F[S]] iff S C dom F.
i. First, notice the identity F[F~'[S]] = SNran F
FIF'[S]] = Fl{z| Gy € S)yF~'z}]
= F[{z|(3y € S)zFy}]
={y|ly € SAzFy}

={y € S|zFy}
=SNranF

(+<=) Now, if S CranF, then F[F~1[S]] = F[{z| 3y € S)yF'a}]=SNranF = S.
(=) Conversely, assume S = F[F~'[S]] = S Nran F. Consequently;

Vy[lye SAy€ranF) < ye S| = Wylye S = y eranF|

S Cran F' as we wanted.

Thence, S = F[F~'[S]] iff S Cran F.

ii. Let F = G~'; now by part i. S =G™! I[(G_l)fl [[S]]]] iff S C ran G~!. With Theorem 3E,

we know that G—1 [[(G_l)_l [[S]]]] = G [G[S]] and ran G~! = dom G. By combining our

results, S = G [G[S]] iff S = dom G. Since G~! and F were both chosen arbitrarily, so
the statement is proven.

Remarks (Big Check 1, 29/12/22): The presentation here, especially for part i. is frankly terrible.
Its hard to read and understand, obfuscated by a wall of symbols that at one point didn’t even
transition properly. Namely, it isn’t clearly shown how we got from F[{z|(3y € S)xzFy}] to
{y|y € S AxFy}. While the proof to part ii. is indeed better, its presentation still has lots of
room for improvement.
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1.3 Natural Numbers

1.3.1 Inductive Sets
Self-Proof of Theorem 4C: Prove Theorem 4C.

0 Is Not The Successor of Any Natural Number:
(This part is not needed in the proof but just put it here for fun)

For all sets a, a is either empty or nonempty. So we have two cases to consider:
1. a = @. This implies that a U {a} = @ U {0} = {0} # @.
2. a # @. Thus, there exists a set  such that € a. Thus z € a U {a} too. Which means
aU{a} # @.

Consequently, there does not exist any set such that its successor is @, much less a natural
number.

Remarks (Big Check 1, 28/12/22): Actually we can just consider an arbitrary set x, because then
we know {x} contains x and is hence nonempty. Consequently, this must mean that =T is
nonempty. There’s no need to split it casewise into x = & and = # @.

Every Nonzero Natural Number is The Successor of Some Natural Number:

Now, we construct the inductive set w’ of natural numbers such that every nonzero natural
number in w’ is the successor of some natural number, i.e.:

Vm(:cew' = (J:Ew/\(Hy(yEUJ/\?ﬁ:m)\/x:@)))

By definition, @ € w’ . Notice that for all z, € w’ implies 27 € w':
rew = zew = (vecwhzt ew) = a2t ed

As a result, w’ is an inductive subset of w. Thence by the Induction Principle for w; w’ = w.

Wherefore, indeed every nonzero natural number is the successor of some natural number.

Remarks (Big Check 1, 29/12/22): There’s no need to apply the Axiom Schema of Specification
that explicitly. Using set builder notation is just as rigorous in this context. In fact, set builder
notation is much more clear, concise, and straight to the point.

1. = Show that 1 # 3, i.e., that @ = g+++,

We know that 1 = g+ = {@} while 3 =7 = {2, {2},{9,{2}}}. Hence, since there exists
sets in 1 that are not in 3 — namely {@} and {@, {@}} — they are not equal.
(Because it is false that for all n, n € 1 iff n € 3.)

Remarks (Big Check 1, 29/12/22): This is quite the simple question but my answer here has
much to be improved upon. Namely, for a question of such simplicity, it’ll probably be good to
add a bit more detail on the calculation of what the set 3 is, though its rather trivial. More
importantly is the phrasing of the explanation, it should be clearly and more straight to the point.
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1.3.2 Peano’s Postulates

Self-Exercise 4: Prove that all inductive sets are infinite.

Assume that there exists a finite inductive set A, i.e. it contains only n elements for some natural
number n. Let the set z be in A.

n times

Then: z, 2z, 27,... 2T % € A. This means that there are (at least) n + 1 elements in A.
However, this contradicts with the fact that A contains only n elements. So, there does not exist
some natural number n and inductive set A; such that we can say an A contains only n elements.
Wherefore, all inductive sets are finite.

I think we may need to do the cardinality chapter first in order to create a proof that is fully satisfactory, both

intuitively and rigorously; since the terms ”finite”, ”infinite”, and ”cardinality” are defined there.

Remarks (Big Check 1, 29/12/22): Like what I said in my remarks after writing the above proof, I

n times

wasn’t really satisfied with it. Mainly because of the handwavy notation used: z 7+ € A. 1
think I now have an idea of how to rigorously prove this.

Redo of Proof:

Let S be an inductive set and x be. Oh wait wait wait. There’s a simple and easy way to go
about this proof that I just realised Imao.

Redo of Proof, V1.1:

Let S be an inductive set. By Theorem 4B, w is a subset of every inductive set. Hence, let the
identity function I, : w — S so that I, (n) = n. Clearly, I, must be injective; let f(n) = f(n’),
then immediately, n = n/ by definition (since f(n) =n and f(n') = n’). Wherefore, we know that
cardw < card S, and S must be infinite.

*Note: I'm doing this after Chapter 5 on the construction of the reals. So, I think this should

correspond rigorously but I didn’t quote any theorems here (since I haven’t learnt them yet).

Self-Proof of Theorem 4D:

w is inductive and hence closed under the successor operation. Which means that o: w — w.
(1) ¢ is a function:

Let n; = ng € w. Then, o(n1) = o(ng):

k€o(n) < ken
— kenU{m}
<— kemiVk=m
< kenyVk=ny
< k enygU{na}
<~ keng
<= k€ o(ng)

(ii) 0 ¢ rano:

For all sets n, n is either empty or nonempty. So we have two cases to consider:

(a) n = @. This implies that nU {n} = g U{@} = {0} # @.

(b) n # @. Thus, there exists a set x such that € n. Thus € nU {n} too. Which means
nU{n} # 2.

Consequently, there exists no set n such that nt = @, much less for n € w.
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(iii) o is injective:

Ah yes, why couldn’t I prove this after a couple hours? Because I needed the theorem from
the next page. P a % n. Giving some credit to myself, I did think of using the big union to
arrive at Enderton’s answer, however, I didn’t delve that deep in it to derive all the
theorems that allow me to rigorously state that. But, if I were to continue the above proof
with usage of the Axioms Enderton has not covered, i.e. the Axiom of Regularity and the
Axiom of Replacement, I probably could have arrived at a rigorous proof.

To quote Enderton; ”We can now complete the proof of Theorem 4D; it remained for us to
show that the successor operation on w is one-to-one. If m™ = n* for m and n in w, then
U(m™) = UJ(nt). But since m and n are transitive sets, we have | J(m™) = m and

U(n™) = n by Theorem 4E. Hence m = n. ”

(iv) By definition, any subset A of w containing & and which is closed under the successor
operation is an inductive set. Therefore, by the Induction Principle for w, A = w

Wherefore, since all 3 conditions are met, (w,,0) is indeed a Peano system.

Remarks (Big Check 1, 30/12/22): For the proof that o is a function, there’s no need to go such a
lengthy route. We can simply say that o(n;) = nf =n; U{ni}. And hence, by our assumption
that ny = no, that is the same as no U {ny} = 7'1,2+ = o(nz2). While for the part on showing

0 ¢ rano, its the same thing as in our Self-Proof of Theorem 4C; we have no need to split it
casewise. And actually, we can simply quote Theorem 4C or our self-proof of it.
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Self-Proof of Theorem 4F:

Let the subset T" of w contain all transitive natural numbers, i.e.
T={new|Vkvm(kemen = ken)}
Vacuously, @ € T. Now, for all n, if n € T then n™ € T

nt=nU{n} = VkVmlkement < (kemenVkem=n))
= VkVm[kement = kenCn']
:Vka[kEmGn"‘ :>ken+]

Therefore, the natural number n* is also transitive and hence in 7.

Consequently, we know that the subset T" of w is an inductive set. By the Induction Principle for
w, T =w.

Wherefore, all natural numbers are transitive.

Remarks (Big Check 1, 30/12/22): Seems ok. However, the presentation for the inductive step
could have been done much better. Instead of using only symbols, which makes the proof harder
to parse, writing that down in words will probably have made it easier to understand and a
significantly more enjoyable read.

s Self-Proof of Theorem 4G: v

Let the subset T of w be as follows:
T={new|Vk(ken = kew)}
Vacuously, @ € T'. For all n, if n € T, then nT € T; because for all k:

kent < (kenVk=n)
—kcw

Therefore, n™ € T. So, T is an inductive set. By the Induction Principle for w, T = w as desired.
Which means that w is indeed a transitive set — since for all k and n, k € n € w implies k € w.

Remarks (Big Check 1, 30/12/22): Yeah the general arguments are alright. The only thing is,
again, that it would be better if more English was used over lines of symbols

2. v Show that if a is a transitive set, then a™ is also a transitive set.
For all a, if a is a transitive set, then for all sets b and c;

cebeat = cebeaveceb=a
= c€aCa"
= c€a’

Therefore, a* is also a transitive set.

Remarks (Big Check 1, 30/12/22): Again, try to use more English over lines of symbols.
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(a) - Show that if a is a transitive set, then Ha is also a transitive set.

(b) v Show that if La is a transitive set, then a is also a transitive set.

(a) Assume a is a transitive set:

cebe Pa —cebCua
—ceEa
=—cCa by the assumption
= c€ Pa

Therefore, Za is a transitive set.
(b) Conversely, now suppose Pa is a transitive set:

(decebe Pa = dece Pa) = (decebla = decCa)
= (d€c€a = deca)

So, a is a transitive set.

Remarks (Big Check 1, 30/12/22): Again, more use of English over symbols would be good.

4. v Show that if a is a transitive set, then (Ja is also a transitive set.
Assume q is a transitive set:
chGUa = Ju(cebeuca)
= cebea
= celJa

Thus, we see that | Ja is a transitive set indeed.

5. Assume that every member of &7 is a transitive set.
(a) v Show that |« is a transitive set.
(b) v Show that () &/ is a transitive set (assuming that < is nonempty).
(a)
cebe|lJo = Talcebeac )
= da(c€ac A)
=cc U o
By definition, | J & is a transitive set.
(b)
cebe()o = Valcebeac )
= Va(c€a€ )

:>c€ﬂ.d

Indeed, we have that ()« is a transitive set (assuming that </ is nonempty).
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6. = Prove the converse to Theorem 4E: If |J (a™) = a, then a is a transitive set.

Ut =
U<au{a}>—a
(Us) o (Uta}) ==
(Ua)Ua a

by Exercise 21 of Chapter 2

Hence, by extensionality:

Vm{xe(Ua)Ua = xea} <= Vz([By(zr €y €a)Va €a] < z€aq)

(
= Vz([By(zr€y€a)Va €al = z€a)
= Vz(y(r€yca) = z€a)

= Vz(Vy~(zr €y €a)Va€a)

= VaVy(-(zr €y €a)Vaca)

= VaVy(z ey €a = z€a)

Wherefore, it should be clear that a is indeed a transitive set!

(Oh boi was that quite a few lines of elementary logic lol)

Remarks (Big Check 1, 30/12/22): There is an over reliance on symbols instead of English words
here once more. Especially for the part after “Hence, by extensionality:”, it was not a smooth
read. Also, the transition from Vz([Jy(z €y €a)Vz €a] = z €a) to

Va:(ﬂy(m €EYy€a) = x € a) was not really clear, rigorously speaking. (even though it makes
sense ‘intuitively’)
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1.3.3 Recursion On w
7. v Complete part 4 of the proof of the recursion theorem on w.
Let S be the set on which hy and hs agree:

S ={n € wlhi(n) = ha(n)}.

Where both functions hq: w — A and hg: w — A are such that h1(0) = h2(0) = a, and for all

n € w, hi(nt) = F(hi(n)) as well as ha(nt) = F(ha(n)). So, @ € S. Now, if n € S, then

hi(n) = ha(n). Consequently, hi(n*) = F(hi1(n)) = F(ha(n)) = ha(n™). Which also means

nT € S. By definition, S is an inductive subset of w. As a result, by the Induction Principle on w,
S = w. Hence, we conclude that the functions are identical:

h1 = {(n,h1(n)) |n € w} = {{n,ha(n)) | n € w} = hq.

Self-Proof of Theorem 4H: v

By the Recursion Theorem on w, there exists a (unique) function h: w — N such that

1. h(0)=e

2. h(n™) = h(o(n)) = S(h(n))
h is injective:
Let set T = {n € w|Vk(h(n) = h(k) = n =k)}. In order for h(n) = e, either n =0 or n # 0.
Now, by condition (i) of Peano systems, e ¢ ran.S. By Theorem 4C, for any natural n # 0, there
exists another natural k& with £ = n. For such nonzero n, h(n) = h(k*) = h(o(k)) = S(h(k)) # e.
Thus, the only possibility for h(n) = e is n = 0. So, h(n) = h(k) = e implies n = k = 0. Which
means 0 € T. If n € T, then n™ € T as seen in the following: First, notice that by Theorem 4D,
nt #£0. So, h(n™t) # e:
) n*) = h(m where m # 0 since h(m) # e

( (
h(n+) = h(k+) by Theorem 4C, where k™ = m
(

h(o(n)) = h(o(k))
S(h(n)) = S(h(k))
h(n) = h(k) by condition (ii) of Peano systems
=k by assumption

Hence, we see that n™ € T whenever n € T, as desired. By definition, this set T is now inductive.
Consequently, by the Induction Principle for w, T'= w. i.e. ¥nVk(h(n) = h(k) = n=k); his
an injective function.

h is surjective:

Notice that ranh C N and h(0) = e € ran h, by definition. If n € ranh, then there exists k € w so
that n = h(k). Then, S(n) = S(h(k)) = h(o(k)) € ranh. So, ranh is closed under S. i.e. the
subset ran h of N contains e and is closed under S. By condition (iii) of Peano systems,

ranh = N. Which means that h is indeed surjective.

We can now conclude that; Wherefore, there is a bijective function h: w — N in a way that
preserves the successor operation

and the zero element
h(0) =e 1:D

QED. H

B — refers to the part(s) I edited or added after reviewing my work, in order to improve it. *Note:
This was done before big check 1
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9. = Let f be a function from B into B, and assume that A C B. We have two possible methods
for constructing the “closure!” C of A under f. First define C* to be the intersection of the closed
supersets of A:

C*=({X|AC X CBAf[X]CX}.
Alternatively, we could apply the recursion theorem to obtain the function A for which
h(0)=A
h(n*) = h(n) U f[R(n)].
Clearly, h(0) C h(1) C ---; define C, to be (Jran h; in other words
C. = J h(i).
i€w

Show that C* = C,. [Suggestion: To show that C* C C,, show that f[C.] C C.. To show that
C. C C*, use induction to show that h(n) C C* ]

Proof:
O Cc*CC,
1. ACC, CB:
i. ACC,
re€A = (0cwAzxzeh(0)=A)
= z ¢ [ Jh()
€W
i. C, CB
z e | Jh(i) <= 3i(i ewAx € h(i) C B)
1Ew
—x€B
Thus, we know A C C, C B.
2. flC.] C C.:
y € flC.] < 3z (x € U h(i) Az, y) € f)
1EW

< Fidz(i cw Az € h(i)A{(z,y) €f)

= i [z EwWwAyE h(i+)] by the construction of h

=y el
Now, it follows that
reC* «=aze(|{X|AC X CBAf[X]CX}

= VX[(ACXCBASIX]CX) = z€ X]
—zxecC, as A C C, C Band f[C,] C C,
Which means, we successfully shown that C* C C,. We need only show C, C C* after
this.
Ooc.,ccx

Let the set S = {i € w|h(i) C C*},
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1. 0e S
r€h(0) = VX(ACX = z€X)
— VX[(ACXCBAf[X]CX) = z€X]
= zeC”

As h(0) C C*, accordingly 0 € S.
2. Ifie S, thenit € S:

We first prove a small result

h(i) CC* = VX((AC X CBAf[X] CX) = [h(i) C X])
= VX((ACXCBAf[X]CX) = [f[n()] € X])
= flr@] cC”

As a result, the following holds true

y € h(i") <=y e n(i)u f[h()]

< yeh(i)Vye f[n)]

= yelC” since i € S and f[h(:)] C C*
Therefore, the subset S of w is inductive, by definition. By the Induction Principle for
w, S = w. Consequently,

yeC. < Ji[i ewAy € h(i)]
= yeC”

Thence, C, C C*. Wherefore, since C* C C, and C, C C*, so C* = C, easily follows.

Remarks (Big Check 1, 30/12/22): Yeah it looks okay. Its just that, as usual, it’ll be good if
the explanations were done moreso in English than symbols.

IWait, what even is the closure? The closure C of A under f is the smallest subset C' of B so that A C C and C
is closed under f. L.A. e.g.: Let B be a vector space, A be a subset of B. Then, the closure C of A under + and -
would be what we call span A, which is a superset of A and a subset of B.
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10. v In Exercise 9, assume that B is the set of real numbers, f(z) = 22, and A is the closed
interval [%, 1}. What is the set called C* and C.7?

The set C* and C, are (0, 1].

11. v In Exercise 9, assume that B is the set of real numbers, f(z) =2 — 1, and A = {0}. What
is the set called C* and C.?

The set C* and C are the set of negative integers including 0, i.e. Z .

Self-Exercise 5: Let the sets I, A and B be so that A C B, the function f: [][ B — B. We define
i€l
the “I product closure” C' of A under f as follows:

C*:ﬂ{X ACXCB/\fﬂHXH CX}

iel
Alternatively, apply the recursion theorem to obtain the function h: w — B with

h(0) = A

h(n*) =h(n)U f HH h(n)u

iel

So,

Prove or disprove C* = C,.
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Answer 1: Counterezample with Proof by Contradiction: X

Let I =w, A={0,1}, B =w, and

~J 1001 ife=F
77 2. [z(1) + x(2)] otherwise
where F'= {(n,2n)|nc€w} e [[ w
€W
Assume C* = C. It should be clear that from its definition, C* C X, for all X such that
{0,1} € X Cw and f[[[;c, X]- As such, f[[],c, C*] € C*:

S €W

yefll]_[c*ﬂ = VX l({(),l}ngw/\fﬂHXH gX) = yEfﬂHX]”

1EW 1EW 1EW

({OJ}QXQuN\fﬂHXH gX) . yEX}

1EW

= VX

= yeC”

C,] C C, also.

Let S ={ncw|Ve(e € h(n) = [e=1V3Im(m € wAe=2m)])}. In English, S is the set of
natural numbers n such that h(n) contains only 1 and/or even (natural) numbers.

Accordingly, by our assumption, f[]]

1EW

0 € S immediately by definition, because h(0) = {0,1} contains solely 1 and the even number 0. If
ne S, nt €S too: e € h(n) implies that e € h(n) or e € f [[[;c; h(n)]. In the first case, that
e € h(n) easily satisfies the desired property as n € S. As for the second case,

ecf ﬂHh(n)u =g (g e [Tnm) A £(9) 6)

el PEw

= g (g: w— Uh(n)/\f(g) =e>
= Jg(g: w = h(n) A2-[g(1) +9(2)] = ¢)

= JIm(m € wAe=2m) since h(n) C w, thus g(1) + ¢(2) € w
= [e=1V3Im(m ewAe=2m)]

Therefore, n™ € S as the desired property holds true in both above cases. By definition, S is
inductive. Using the Induction Principle for w, S = w. Which also means that C, is the set
containing only 1 and even natural numbers.

We know ran F' contains only even naturals as well (by def.). — However,
f(F) =1001 ¢ C., because 1001 is not even. Consequently, f[[];c,, C«] € C.. This contradicts
our previous claim, derived from our assumption, that f[[[,c, C«] C Ci. Wherefore, it must be
that C* # C,.

1EW

Remarks: We know that C, is a set containing some even numbers. However, we have not shown
the converse; that all even numbers are in C,. Thus, we cannot conclude — yet.
Proving this would be rather troublesome. So, in the second edition we tweak the example slightly:
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v Second Edition: Let I =w, A =1{0,2}, B=w, and

1001 ifxe=F
J(@) = {x(l) + x(2) otherwise

where F' = {(n,2n)|n € w}.
Assume C* = C,. It should be clear that from its definition, C* C X, for all X such that
{0,1} € X Cw and f[[[,, X] € X. As such, f[[].., C*] C C*:

1EW €W

yefﬂHC*H — VX [({O,l}ngw/\fﬂHXll gX) — yefﬂHXlH

1EW €W 1EW

<{O,1}QXQw/\f|lHXH gX) = yeX]

1EW

— VX

= yeC*

Accordingly, by our assumption, f[[];c,, C+] € Cx also.

Let the set S = {n € w|Ve[e € h(n) = Im(m € wAe=2-m)]}. In English, S is the set of
natural numbers n such that h(n) contains only even (natural) numbers.

0 € S immediately, because h(0) = {0,2} indeed contains only the even numbers 0 and 2. If
n € S, then n™ € S too: e € h(n™) implies that e € h(n) or e € f[[;c,, h(n)]. In the first case,
e € h(n) easily satisfies the desired property as n € S. As for the second case:

ecf ﬂHh(n)u = Jyg (96 [17() A f(g) :e>

PEW €W

g (g: w— [Jnn) A flg) = 6)

PEW

since n € S, g(1) and g(2)

are even numbers

g: w—h(n) A mi€w A mao€w
A 2:mi1+2-ma=e

=
= Jg(g:w—h(n)Ag(l)+g(2) =e)
= dgamidms < A g()=2-m1 A g(2)=2-mq
=

ImyIma (2 (my +ma) =€)
= Im(mewAhe=2-m)

Therefore, n™ € S as the desired property holds true in both cases. By definition, S is inductive.
Using the Induction Principle for w, S = w. Which also means that C, is the set containing only
even numbers.

Now for the converse. Let the set S’ = {k € w|2-k € C.}. By definition, 0 € w as
2-0=0¢€{0,2} = h(0) C C,. Whenever k € w, there exists some n € w so that 2- k € h(n). As
such, there also exists the function G € [],,, h(n) (by applying a subset axiom to w x h(n)) with

G=A{z,y =1 = y=2-HA@ecw\{l} = y=2)}
because 2 € h(n) for all n € w. We shall do a quick proof of this small fact. Let the set

S" ={new|2€h(n)}. Then, 2 € {0,2} = h(0) by definition, meaning 0 € S”. If n € 5",
nt e 8" since h(n) C h(n™) = h(n) U f[I],c, h(n). Thus, S” is an inductive subset of w. By the
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Induction Principle for w, S” = w. Returning to the previous part,

f(@)ef IlH h(n)ﬂ

1EW

f(G) € h(n™)

G(1)+G(2) € C,
2-k+2eC,
2-(k+1)eC,
2- (k) e C.

I

Consequently, kT € S’; S’ is an inductive subset of w. Using the Induction Principle for w,

S’ = w. Which means that S contains all even (natural) numbers. Combined with what we
previously proven, that C, is the set containing only even numbers, we conclude that C, is the set
of all even numbers.

We know ran F' contains only even naturals as well (by def.). Hence, F' € [],.,, C«. However,
f(F) =1001 ¢ C., because 1001 is not even. Consequently, f[[,c,, C«] € Cs. This contradicts
our previous claim, derived from our assumption, that f[[].. Cs] C C.. Wherefore, it must be

that C* # C..

P1EW

Remarks (Big Check 1, 30/12/22): Once again, the general idea seems correct, however the
presentation and phrasing here is suboptimal. It could be significantly clearer and easier to read
with the aid of more English. Hence, I give this a
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Answer 2: Counterezample + Direct Proof: x

Let ] =w, A=1{0,1}, B=w, and

f($>:{1001 ifo=F

2 [z(1) +x(2)] otherwise
where F' = {(n,2n) |n € w} € [] w.

€W

Also let (RS =R EWRAECH. 0,1 € T since for all X; {0,1} C X implies 0,1 € X. If

n € T, we shall see that nt € T as well. For all X such that {0,1} C X C w, there exists
G € [];e, X with

Gl)=n
G2)=1
because 1,n € T. Consequently, for all X,

({0,1}§X§w/\f|lHXﬂ gX) — Vg lgeHX — fg)eX

IS €W
Whichimeans 2(Hec=Hencey T &T and T is inductive. By the Induction Principle for w,

T = w. In other words, C* contains all even numbers. Now, for all X so that {0,1} C X C w,
F €]],c., X. As aresult, by the same logic as above, 1001 € C*.

Let S ={ncw|Ve(e € h(n) = [e=1V3Im(m € wAe=2m)])}. In English, S is the set of
natural numbers n such that h(n) contains only 1 and/or even (natural) numbers.

0 € S immediately by definition, because h(0) = {0,1} contains solely 1 and the even number 0. If
ne S, nt €S too: e € h(n) implies that e € h(n) or e € f [[[;c; h(n)]. In the first case, that
e € h(n) easily satisfies the desired property as n € S. As for the second case,

e€f uHh(n)H =g (g e [Tnn) A £(9) =€>

i€l i€w
= dyg (g: w— U h(n) A f(g) = e)
= 3g(g9: w = h(n) A2-[9(1) +9(2)] =€)
= Im(m e wAe=2m) since h(n) C w, thus g(1) + ¢(2) € w
= [e=1VvIm(mecwAe=2m)]

Therefore, n™ € S as the desired property holds true in both above cases. By definition, S is
inductive. Using the Induction Principle for w, S = w. Which also means that C, is the set
containing only 1 and even natural numbers.

We know ran F' contains only even naturals as well (by def.). Hence, F' € [],.,, C«x. However,
f(F) =1001 ¢ C., because 1001 is not even. Consequently, f[[],c,, Cs] € Ck.

Wherefore, since 1001 € C* but 1001 ¢ C,, C* # C, is certain.
Remarks:
1. It should be quite clear that C* does not contain all natural numbers.
2. If we use the set T as defined above, 2 -(nt) € C* does not necessarily mean n* € 7.

3. Similarly, even if we change the set 7" to be {n € w|2-n € C*}: our induction hypothesis
that n € T will now mean 2-n € C*. So, if we follow the above procedure, we would only
arrive at f(G) =2-(2-n+ 1). Which doesn’t allow us to complete our inductive proof.
Thus, we shall tweak the example slightly in the second edition:
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v Second Edition: Let I =w, A =1{0,2}, B=w, and

1001 ifxe=F
J(@) = {x(l) + x(2) otherwise

where F' = {(n,2n)|n € w}.

Also let theset T={n cw|2-n e C*}. 0,1 € T since for all X; {0,2} C X implies2-0=0€ X
and 2-1=2€ X. If n € T, we shall see that n™ € T as well. For all X such that {0,1} C X C w,
there exists a G € [[,., X with

€W
G={lzy) =1 =y=2-n)A(zecw\{l} = y=2)}
because 1,n € T. Consequently, for all X,

<{0,2}gxgw/\f|lHXu gX) — Vg

1EW

gEHX = f(g)e X

P1EW

= f(G)=2-n+2=2-nTeX

Which means that 2-n™ € C*. Hence, n* € T and T is an inductive subset of w. By the
Induction Principle for w, T'= w. In other words, C* contains all even numbers. Now, for all X so
that {0,1} C X Cw and f[[[,c, X] C X, F € [[,.,, X. As a result, by the same logic as above,
1001 € C*.

Let the set S = {n € w|Ve[e € h(n) = Im(m € wAe=2-m)]}. In English, S is the set of
natural numbers n such that h(n) contains only even (natural) numbers.

1EW €W

0 € S immediately, because h(0) = {0,2} indeed contains only the even numbers 0 and 2. If
n € S, then n* € S too: e € h(n™) implies that e € h(n) or e € f[[],c,, h(n)]. In the first case,
e € h(n) easily satisfies the desired property as n € S. As for the second case:

ecf ﬂHh(n)u = J (96 [17() A £(g) :e>

PEW €W

g (g: w— [ Jnn) A flg) = 6)

PEW

since n € S, g(1) and g(2)

g: w—h(n) A mi€w A mao€w
are even numbers

=

= Jg(g: w —h(n)Ag(l)+g(2) =e)

= dgdmidms < A g()=2-m1 A g(2)=2-mq
A 2:mi1+2-mo=e

= ImyIma (2 (M1 +ma) =¢)

= Im(mewAhe=2-m)

Therefore, n™ € S as the desired property holds true in both cases. By definition, S is inductive.
Using the Induction Principle for w, S = w. Which also means that C, is the set containing only
even numbers.

Now for the converse. Let the set ' = {k € w|2-k € C.}. By definition, 0 € w as
2-0=0¢€{0,2} = h(0) C C.. Whenever k € §’, there exists some n € w so that 2-k € h(n). As
such, there also exists the function G € [],,, h(n) (by applying a subset axiom to w x h(n)) with

G=A{z,y =1 = y=2-HA@ecw\{l} = y=2)}
because 2 € h(n) for all n € w. We shall do a quick proof of this small fact. Let the set

S"={new|2€ h(n)}. Then, 2 € {0,2} = h(0) by definition, meaning 0 € S”. If n € §”,
nt e 8" since h(n) C h(n™) = h(n) U f[I],c, h(n). Thus, S” is an inductive subset of w. By the
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Induction Principle for w, S” = w. Returning to the previous part,

f(G)ef Iln h(n)ﬂ = f(G) € h(n™)
iEW
= G(1)+ G(2) € C,
= 2-(k+1)eC.
= 2. (k1) e C,
Consequently, kT € S’; S’ is an inductive subset of w. Using the Induction Principle for w,
S’ = w. Which means that C, contains all even (natural) numbers. Combined with what we

previously proven, that C, is the set containing only even numbers, we conclude that C, is the set
of all even numbers. As 1001 is not even, 1001 ¢ C,.

Wherefore, since 1001 € C* but 1001 ¢ C,, C* # C, is certain.

Remarks (Big Check 1, 31/12/22): Same thing as before.
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Self-Exercise 5.1: Find the condition(s) such that C* = C, is true iff those condition(s) are
true.

C* = C, iff f[[[;c,, C«] € Cx. Proof:

(=) It should be clear that from its definition, C* C X, for all X such that {0,1} € X C & and
ST, X1- As such, f[I],c, C*] € C*:

yefﬂHC*u — VX ({0,1}ngw/\f|lHXu gx) — yefﬂHXl”

1EW PEwW 1EW

— VX[({O,I}QXQw/\fIlHXH gX) — yEX]

1EW

— yeC”

Assume C* = C, is true. Consequently, f[]]..., C«] C C. should hold.

1EW

(<= ) We know that A C C, C B:

o ACC,:
re€A = (0ewAzeh(0))
= Jk(k e wAz € h(k))
==z € C,
o C,CB

r€Cy <= Jk(kewnzehlk)e ¥B)
—z€B

Thus, we conclude that A C C, C B, as desired.

Suppose that f[[];c., C«] € C. is true. As a result,

AngBAfﬂHXH gx}

iel

reC* C)xeﬂ{X

— VX

<ACXCB/\f|]HXHCX> — xeX}

el

—zeC, asAQC*gBandeHC*ﬂgC*

1EW
Hence, C* C C,. Now let the set S ={k € w|h(k) C C*};

z€eh(0)) = VX(ACX = z€X)

<AgngAf|lHXH gX) = xeX]

PEW

= VX

= gz c(C*

As h(0) C C*, 0 € S.
IfkesS, ktes:
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We first prove f[[[;c; h(i)] € C*;

h(k) C C* = VX((AQXQB/\fﬂHXﬂ gx> — [h(k:)gX])

iel

—ex((sexcmns | ex) = [rfre] <))

i€l icl
= f IlH h(k)ﬂ ccer

i€l
Therefore, the following is true

yeh(k?) <= yehk)Uf HH h(k)u

i€l

—yechli)Vyef ﬂHh(k)ﬂ

iel

=y e C” since k € S and f HH h(k)ﬂ ccr

el

Accordingly, the set S is inductive, by definition. By applying the Induction Principle for w,
S =w. So, C, CC*:

yeCy < Fk[kcewAny e h(k)]
= yelC*

Thence, we can conclude that; since C* C C, and C, C C*, C* = C,.

Wherefore, C* = C. iff f[[];c, C«] € Cx as we claimed.

Now, there are various ‘equivalent forms’ of f[[[;c; C«] € Cs. To be more accurate,
fllLic; C+] € Cs holds iff at least one of the following does

1. Cy # @ and A # @, but f |[H C*ﬂ = @, which is possible when AC is not assumed.
il

2 flme]ca

icl
i. C.=A=0.
3. There exists a natural m so that f |[H C*]] cf [[H h(m)ﬂ
i€l i€l
a. I =@.
b. I is finite.

c. There exists a natural m such that C. = h(m).

(Don’t really feel like typing the proof of this out right now lol.)

Remarks (Big Check 1, 31/12/22): Note that we are trying to prove the general case here so

{0, 1} should be replaced with A and w with I or B (depending on where w is). I think that was a
careless mistake where I got mixed up with the previous parts. Other than that error, the main
issue would again be that the presentation could be considerably better and improved upon.
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1.3.4 Arithmetic

Self-Proof of Theorem 4I: v' v
(A1)
m+0=A,(0)=m

(A2)
m+nt =A4,(n")=A4,(n)T =(m+n)*

Self-Proof of Theorem 4J: v'v
(M1)

(M2)
m-nt =My,(n") =Mu(n)+m=m-n+m

Self-Proof of Theorem 4K: v'v'
(1) v'v Let the set S; = {p € w|VmVn[(m ewAn€ew) = m+ (n+p)=(m+n)+pl}.
When p=0, m+ (n+0)=m+n=(m+n)+0 by (Al), meaning 0 € S;. If p € Sy,
tcS:
pt e o
m+ (n+p*) =m+ (n+p)*
=[m+(n+p)]"
= [(m+n)+p]"
= (m+n)+p*

(A2)

(A2)

since p € S

(A2)

Thus, S7 is an inductive subset of w and by the Induction Principle for w, S; = w. Which

means that for all m,n,p € w, m+ (n+p) = (m+n) +p.

vV Let the set Sy = {n € w|¥m(m € w = m+n=n+m)} and the set
T ={mew|m+0=0+m}. Immediately, 0+0=0+0 and 0 € Ty. If m € Ty,

0+m*=0+m)" (A2)

=(m+0)t sincemeTy
=m" (A1)
=mT+0 (A1)

Consequently, m*™ € Ty. By the Induction Principle for w, T = w. i.e. m +0 = 0+ m for all
m € w; s0 0 € Sy. Now assume n € So; letting the set T = {m € w|m +n* =nt +m}:

0+nt=0+n)" (A2
=(n+0)T asneS
=nt (A1)
=nT+0 (A1)
Accordingly, 0 € T5. Whenever m € T3,

mT +n+ = (m"‘ +n)+

(A2)

=m+mhHt because n € Sy
1t
= [n+m)*] (a2)
+
= {(m + n)ﬂ since n € Sy
= (m+nt)"  (A2)
= n++m)+ asm e T,
=nt+m? (A2)



As a result, m™ € Tj. By the Induction Principle for w, Tj = w, and for all m € w,
m+nT =nT +m. Hence, nT € Sy follows and by the Induction Principle for w, Sy = w.
We have successfully proven that for all n,m € w; m+n =m + n.

vV Let the set S3 = {p € w|¥mVn[m,n€w = m-(n+p)=(m-n)+ (m-p)]}. When
p=0,

m(n+0):mn (Al)
=m-n+0 (A1)
—m-n+m-0 (M)
prES?,;
m-(nm+pH)=m-(n+p* (A2)
=[m-(n+p)]+m (M2)
=(m-n+m-p)+m since p € S3
=m-n+(m-p+m) (1)

Therefore, we see that p™ € S3 indeed. S3 is now an inductive subset of w. By the Induction
Principle for w, S3 = w. Thence, for all m,n,p €w, m-(n+p)=n-n+m-p.

v’V Let the set Sy = {p € w|VmVn[m,n € w = m-(n-p) = (m-n)-p]}. Since
m-(n-0)=m-0=0=(m-n)-0by (M1),0€ S;. Whenever p € Sy, p™ € Sy:

me(n-pt) =m-[(np)+n]  (M2)
—m-(nep)tmen (3
=(m-n)-p+m-n aspe€S,
=(m-n)-p*" (M2)

Therefore, we see that p™ € S; indeed. Sy is now an inductive subset of w. By the Induction

Principle for w, Sy = w. In other words: For all m,n,p € w; m-(n-p) = (m-n)-p.

v’V Let the set Sy = {n € w|Vm(m € w = m-n=n-m)} and the set
Ts={mew|m-0=0-m}. Weseethat 0-0=0-0, s00 € T5. When m € Tj,

0-mt=(0-m)+0 (M2)
=(m-0)4+0 since m e T;
=040 (M1)
=0 (A1)
=mt.0 (M1)

Thus, m™ € Ty; i.e. T5 is an inductive subset of w.

By the Induction Principle for w,

Ts = w. In other words, for all m € w, m -0 =0-m. Accordingly, 0 € S5.
If n € S5, we shall see that n* € S5 as well: Let the set T} = {m € w|m -nt =n* - m}.

Notice that

0-nt=0-n+0 (M2)
=n-04+0 asn €Sy
=0+0 (M1)
=0 (A1)
=nt.0  (MI)
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As a result, 0 € Tf. Whenever m € T},

* tin+m (M2)

=n-mT+m because n € Sy
=n-m+n)+m (M2)
(m-n+n)+m because n € S
=m-n+(n+m) (1)
=m-n+(m+mn) (2)
=(m-n+m)+n (1)

m ~n+:m

=m-nt+n (M2)
=nt-m+n since m € Ty
=nt.m* (M2)

Consequently, m™ € T} and T is an inductive subset of w. By the Induction Principle for w,
T! = w. i.e. For all m € w, m-n* =n* - m. Wherefore, nt € S5 and S5 is an inductive
subset of w. Once more, by the Induction Principle for w, S{ = w; For all m,n € w,
m-n=mn-m.
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Self-Exercise 6 — Generalising ‘Arithmetical Functions’: Prove that for all i € w, there exists a
unique function G;: w — “w so that

[Go(m)](n) = Am(n) (1)
There exists some ¢ € w such that [Gi(m)](c) =m forall m e w (2)

If there exists some j € w with ¢ = j1, then:

There exists some ¢ € w for all m € w so [Gj+(m)] (0)=¢ and [G;(m)](d)=m (3)

Gy m)] () = G ([G+m)] ) (@)

We call functions mapping from w to “w that satisfy conditions (2)-(4) as ‘Natural Arithmetical
unary Functions’, or NAU-functions for short. (Yeah... coming up with names isn’t my strong suit)

Proof: v

Existance of G; for alli € w

Let the set S = {k € w| Gy, exists}.
0es:

We know [Go(m)](n) = A (n) by definition, and [Go(m)](0) = A,,(0) = m; meaning conditions
(1) and (2) is satisfied. By Theorem 4D, 0 is not the successor of any natural number, so
conditions (3) and (4) are not necessary to check (since the conditional statement above
implicating them is immediately true already). By the construction of A,,(n) (via the Recursion
Theorem on w), we know that for all m € w, 4,, is a function mapping from w to w, and thus
indeed an element of “w. Gy is also a function: Let m; = mo € w and the set
T={n€w|An,(n)=An,(n)}. Since A,,(0) =m; =mg=A,,,(0),0€T. Whenn €T,

Which means that nt € T and the set T is an inductive subset of w. By the Induction Principle
for w, T =w. As Ay, (n) = A, (n) for all n in their common domain of
domA,,, =domA,,, =w, A, = An,. Thus, Gy is indeed a function; and 0 € S holds true.

k € S implies k™ € S:

If k € S, then we will see that k™ € S must be true too: Notice that by our assumption that

k € S, for all m € w there indeed exists a function mapping from w — w: namely Gi(m) € “w;
and there is also some ¢ € w (so that [Gg(m)](c) = m for all m € w). Hence all conditions for
applying the Recursion Theorem on w are satisfied. (For all m € w) There now exists a (unique)
function h,,: w — w where

hm(0) =¢
hom (n+) = [Gk(m)](hm(n))

We claim that h,, is our desired Gj+(m). Clearly, conditions (3) and (4) are satisfied by
definition. Condition (2) is also satisfied as

hin (1) = [G(m)] (7 (0))
= [Gr(m)](c)

=m

Thence, h,, is the G+ (m) we want indeed as conditions (2)-(4) are all satisfied. Lastly, we need
to check that G+ := {{(m, hy,) | m € w} is a function. For all m; = mg € w, Ay, = iy, because
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from the Recursion Theorem on w we know such a function is unique. Hence,
G+ (m1) = Gy+(ma2). Accordingly, G+ is a function.
Alternatively, we can give another proof that G+ is a function, by induction. Let the set
T = {n € w|hm, (n) = hmy(n)}. By definition, hm, (0) = ¢ = hmy(n). Whenever n € T, nt € T’ is also true:
hmy (n*) = [Gk(m1)](hm, (n))
= [Gx(m2)](hmy(n)) since n € T, and G}, is a function as k € S1
= hm, (”+)

As a result, T” is an inductive subset of w and 77 = w by the Induction Principle for w. So, since hm, (n) = hm, (1)
for all n in their common domain of w = dom hy,; = dom hsp,, thus hm; = hm,. Accordingly,

G+ (m1) = G+ (m2) and G+ is a function.

Which means that k¥ € S and S is an inductive subset of w. By the Induction Principle for w,
S = w. Therefore, for all i € w, such G;: w — “w (as described in the question) exists.

Uniqueness of each G; for all i € w

Let the set 7" = {i € w|VG,;VG}(G; and G} are NAU-functions = G; = G})}. In other words,
T" is the set of all natural ¢ so that the function G; is unique. As aforementioned, for all m € w,
Ay, is unique by its construction. Whence, Go(m) = A, = Gj(m) for all m in their common
domain of w = dom Gy = dom Gf. Thus, Gy = Gj; and 0 € T".

Assume i € T”. Now let the set 7" = {n € w|Vm (m € w = [G;+(m)] (n) =[G} (m)] (n))}.
By definition, there exists some ¢’ € w for all m € w so [G;(m)](¢') = [GL(m)](c") = m since
i € T, and thus [G;+(m)] (0) = ¢ =[G/, (m)] (0). Accordingly, 0 € T". If n € T", then

(G (m)] (n*) = [Ga(m)] ([Gi+ (m)] (m)
= [G(m)] ([ ' (m)] (n)) since i € T" and n € T"
= (G} (m)] (n)

Which means that nt € 7" and T"” is an inductive subset of w. By the Induction Principle for w,
T"" = w. Therefore, for all n € w and m € w, [G+(m)] (n) =[G} (m)] (n). We know the
functions G;+(m) and G, (m) both have domain w, on which they agree on, so G;+(m) = G’ (m)
(for all m € w). Applying the same principle, this G;+ and G, both have a domain of w, on
which they agree on, thus G;+ = G',. As aresult, i* € 7" and T" is an inductive subset of w. By
the Induction Principle for w, T” = w. i.e. For all ¢ € w, the function G; is indeed unique.

With this, now we can make our notation less awkward. We were previously forced to use not
very nice notation in order to utilise the Recursion Theorem on w in our proof. At last, we can
introduce nicer notation instead of searing your eyes out.

1. First, let the function Gy = {((m,n), [G;(m)](n)) |m,n € w}. We now prove our claim that
it is a function: Let (mi,n1) = (ma,n2). By definition, G; is a function. So,
G;(m1) = Gi(ms2). G; also maps from w to “w. i.e. G;(m1) = G;(m2) is a function.
Consequently, [G;(m1)](n1) = [G(m2)](n2). Which means that G;(m1,n1) = G;(ma,ns).
Indeed, we can conclude G; is a function mapping from w? to w.

2. Secondly, let G = {<<i,m, n%é’i(m, n)> ’i,m,n € w}. Suppose (i1, m1,n1) = (i2, M2, na).
By uniqueness, which we proved earlier, G;, = G;,. We also know this is a function by
definition, so G;, (m1) = G;,(m2). Repeating the process, these are elements of “w, and
hence, functions. Necessarily, [G;, (m1)](n1) = [Gi,(m2)](n2). In other words,

G’il(ml,nl) = @ig(mg,ng); and so G(i1,m1,n1) = G(ia, ma,n9). Indeed, G is now a
function mapping from w3 to w.
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Sanity Check: Does this all make sense or we create some random functions?

1. Multiplication:

M,(1) = m
M, (0)=0 and A,,(0)=m
My (n*) = Mp(n)+m
= m+ M,,(n) by Theorem 4K (2)
A (M (n))
Hence, G1(m) = M, for all m € w.
2. Exponentiation:
E,(1) = m
En(0)=1 and M,(1)=m
Ey (") E.,(n)-m

= m-Ey,n) by Theorem 4K (5)

Indeed, Ga(m) = E,, for all m € w.

3. Tetration:

Tn(l) = m
Tn(0)=1 and E,(1)=m
T (n%) = En(Tw(n)

We see that Gz(m) = Ty, for all m € w.

Ah yes, we are indeed sane still.

92

—~
[\
Nl

—
w
=

—~

W



Exercises:
13. Let m and n be natural numbers such that m - n = 0. Show that either m =0orn=0. vV

Assume m # 0 and n # 0. We shall show that m - n # 0 in such cases. Let the set
S={kew|m-k* #0}. Since we know

m-0"=m-0+m (M2)

=0+m (M1)

=m+0 by Theorem 4K (2)
=m (A1)

#0 by assumption

thus 0 € S. If k€ S, then k™ € S. Firstlet T ={p€w|m+p#0}. m+0=m#0 by
assumption, so 0 € T. When p € T,

m+pt=(m+p)t#0

because by Theorem 4D, 0 is not the successor of any natural number. Hence, p* € T and T is an
inductive subset of w. By the Induction Principle for w, T' = w; meaning the sum of any nonzero
natural number with another natural number (possibly zero) is always nonzero. As such,

m-ktt=m- kT +m #0 since m # 0 by assumption

Thence, k™ € S and S is an inductive subset of w. Again, by the Induction Principle for w, S = w.
Combined with the fact that for all nonzero n € w, there exists some k € w such that n = k* by
Theorem 4C; this means that for all nonzero m,n € w, m-n # 0. Taking the contrapositive of this
conditional statement, we conclude that for all m,n; m -n = 0 implies m = 0 or n = 0.

The converse is simple: Consider n = 0, then m -0 =0 by (N1). If m =0,
0-n=mn-0 by Theorem 4K (5)
=0 (M1)
Therefore, for all m,n € w: If m =0 or n = 0, then m -n = 0.

Wherefore, we conclude that m =0 orn=0iff m-n = 0.

Remarks: Actually, instead of going the long route of proving m + p # 0 inductively and then
concluding m - k™ = m - kT +m # 0 as a result, we can go a more direct path: By Theorem 4C,
since m # 0, there exists some m € w so that m™ = m. Consequently,

m-ktt =m-kT +m
=mt -kt +mt
= (m* -kt +m) "
#0 by Theorem 4D

15. Complete the proof of part (1) of Thoerem 4K.
See Self-Proof of Theorem 4K.

16. Complete the proof of part (5) of Thoerem 4K.
See Self-Proof of Theorem 4K.
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17. Prove that m™*? = m" - m?. v

Proof:

Let the set S = {p € w|VmV¥n(n € w = m" ™ =m" - mP)}. We know

n+0:mn
=m"+0

=0+m"

m

=m"-0+m"

=m".0F
=m"-1

:mn.mo

So, 0 € S. Suppose p € S:

+

.
m"tPT = p(nte)

— m(p+n)+

+
= mptr

N
— TP

nt

=m" -mP

=(m"-m)-mP

=m" - (m-mP)

=m" - (mP-m)

+
:mn.mp

(A1)
(A1)
by Theorem 4K (2)
(M1)
(M2)

(E1)

(A2)
by Thoerem 4K (2)
(A2)
by Thoerem 4K (2)

aspe S

(£2)

by Thoerem 4K (4)
by Thoerem 4K (5)

(E2)

Therefore, p™ € S. Now, S is an inductive subset of w. Consequently, by the Induction Principle
for w, S = w. Wherefore, for all m,n,p € w; m"™ = m™ - mP.

94



1.3.5 Ordering on w
Self-Proof of Lemma 4L: v

(a) v Let theset S={new|¥mmew = (men < m* e€n’)|}. m €0 implies
m* € 07 is immediately vacuously true (for all natural m) since there exists no such m € 0.
Conversely,

memt €0 = m<c0 by Theorem 4F
So, m € 0 iff m* € 0T; meaning 0 € S. Whenever n € S,

ment = menU{n}
= (menVm=n)
== (m+€n+\/m+:n+) since n € S
Sad m+€n+U{n+}

— mentt

In addition,

mtent = m€n+U{n+}
B (m+€n+\/m+:n+)
= (memtent Vvmemt=n")

= ment by Theorem 4F

Thus, n™ € S. Hence, S is an inductive subset of w. By the Induction Principle for w,
S = w. Wherefore, for all m,n € w: m € niff m™ € n*.

(b) v Let theset T ={n € w|n ¢ n}. Since & ¢ & by definition, 0 ¢ 0 and therefore 0 € T'. If
n € T: Assume nT € nt, then

ntent = ntenu{n}
- (n+ envnt :n)
- (n€n+€nVn€n+:n)
== neEn by Theorem 4F
However, n ¢ n since n € T. Wherefore, by contradiction, n* ¢ n*. i.e. n™ € T, meaning T

is an inductive subset of w. By the Induction Principle for w, T'= w. Wherefore, for all
new: né¢n.

Remarks: In part (a), for the <= direction, the simpler way is to first assume that m™ € n*.
Then we have m € m* € n. Hence, by Theorem 4F, m € n. In part (b) we could actually just
have used part (a) to say n ¢ n < nt ¢ n™ for the inductive step.
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Self-Proof of Theorem 4N:
(i) Let theset S={pcw|VmVn[m,n€w = (men <= m+pecn+p)l}. We know that
men <= m+0en+0 by (Al)

Thus, 0 € S. Now, assume p € S.

men < m+pen+p since p € S
<~ (m+p)te(n+p?t byLemma 4L (a)
< m+pten+p’ (A2)

So, pT € S. i.e. S is an inductive subset of w. Wherefore, by the Induction Principle for w,
S = w. Which means that for all m,n,p € w: meniff m+pen+p.

(ii) Repeating a similar procedure; let the set
S'={pew|v¥m¥n[(mnew Ap#0) = (meEn < m-pen-p)}. 05
immediately holds true by the definition of a conditional statement. Suppose that p € 57,
then

MmeENn < m-pEN-p since p € S’
< m-p+méen-p+n by (i
< m-pTen-p" (M2)

So, pT € §'. i.e. S’ is an inductive subset of w. Wherefore, by the Induction Principle for w,
S’ = w. Which means that for all m,n,pew: menif m-pen-p.

QED. ®

Self-Proof of Corollary 4P:

If m + p =n+ p, then neither m + p € n+ p nor n + p € m + p are true by the Trichotomy Law
for w. Hence, utilising Theorem 4N, both m € n and n € m are false. Consequently, again with
aid of the Trichotomy Law for w, m = n must be true since the other two options are provably
false (as shown above).

Alternatively, if we prefer a presentation with symbols instead;
m+p=n+p = (m+pé¢n+pAn+p<é¢m+p) by the Trichotomy Law for w

= (mé¢nAng¢m) by Theorem 4N
= m=n by the Trichotomy Law for w

Now, for multiplication, we repeat the above procedure similarly. Assume m -p=mn-p and p # 0.
Then, it follows from the Trichotomy Law for w, that m-p ¢ n-p and n-p ¢ m - p. Using
Theorem 4N, both m € n and n € m are certainly false. Wherefore, again with the Trichotomy
Law for w, we know m = n holds true since the other two options are false.

Again, symbolically: Suppose p # 0, then

m-p=n-p = (m-pé¢n-pAnp¢m-p) Trichotomy Law for w
= (mé¢nAng¢m) Theorem 4N
= m=n Trichotomy Law for w

Note that now we have proven the statement that

p#£0 = (m-p=n-p = m=n)
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We can rewrite it equivalently into the desired form in Corollary 4P,

[p#0 = (m-p=n-p = m=n)] < [~P#0)V(m-p
= [(p#0)V [~(m-p
= [[~p#0)Va(m-p=n-p)]Vvm=n]
— [ [p£Z0AmM-p=n-p]Vm=n]
<~ [(m-p=n-p Ap#0) = m=n]

We can hence conclude that (m-p=n-p A p#0) = m =n is true.
QED. ®

Self-Proof of Corollary 4Q: (Saw a bit of Enderton’s proof but whatever)

Assume that there exists such a function f: w — w so that f(n™) € f(n) for every natural number
n. We see that for all m € ran f, there exists n € ran f with n € m.

m €ran f = Jk(f(k) =m)
= Jk [f(kﬂ € f(k)] by the definition of f
= dn[n €ran f An € m]

Thus, we know that its negation — there exists m € ran f for all n € ran f so that —(n € m) —
must be false. The last bit can be rewritten using the Trichotomy Law for w as m € n. Whence,
there does not exist a least element in ran f, which is a subset of w, by definition. Wherefore, by
contradiction with the Well Ordering of w, there indeed exists no such function.

QED. H

Self-Proof of the Strong Induction Principle for w:

Assume that the Strong Induction Principle for w is false, i.e. there exists some A C w so that for
every n in w, if every number less than n is in A, then n € A. But suppose that, however, A # w.

By the Well Ordering of w, we know that there exists some (natural) least element m of w \ A.
Thus, for all natural k € m, k ¢ w\ A, lest there exist some k € w\ A with k& € m, which would
mean m is not the least element of w \ A. So, for all natural k € m, k € A. However, by the
Strong Induction Hypothesis — that for every n € w, if every number less than n is in A, then

n € A — we know that m € A. This contradicts our previous fact that m € w \ A. Wherefore, by
contradiction, the Strong Induction Principle for w certainly is true.

QED. H
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Exercises:

18. Simplify: €, [{7,8}].

Answer:

e [{7,8Y] = {(m,n) |m € {7,8} An €, m}
= {(8,7),(8,6),...,(8,0),(7,6),(7,5),...,(7,0) }

20. Let A be a nonempty subset of w such that [JA = A. Show that A = w.
Proof:

Assume there exists some nonempty subset A of w so that | JA = A but A # w. By the Well
Ordering of w, there exists some least element m of w \ A. There either exists some k € A with
méekorforall ke A, m¢k.

In the first case, m € k € A, so m € |JA = A. However, this contradicts our assumption that
m € w\ A.

As for the latter; first note there exists some n € w with n™ = m by Theorem 4C. In fact, more
specifically n € A, lest n € m for some n € w\ A. Notice that for all k € A, k € n: Suppose
otherwise. Then, it is false that for all ke A, ke nj. Thus, it is true that there exists k € A with
k ¢ n*. By the Trichotomy Law for w, m =n* € k. Since m ¢ A while k € A, it must be that

m € k. However, this contradicts our presumption for this latter case, that for all k € A, m ¢ k.
So, it must be true that for all ke An € k. Again from the Tr1chotomy Law for w, this means

n ¢ k. (Notice that this is the negation of there exists ke Awithne k) Consequently,

n ¢ |JA = A. But this contradicts the fact we established earlier that n € A.

Wherefore, since in both cases we arrive at a contradiction, it must be that for all nonempty
subsets A of w, if [JA = A, then A = w.

QED. H
26. Assume that n € w and f: n™ — w. Show that ran f has a largest element.
Proof:

We first construct the set of all natural numbers not smaller than or equal to some number in
ran f; i.e. w\ (ran f U Jran f). By the Well Ordering of w, there exists some least element m of

w\ (ran f U Jran f).

We know ran f is nonempty, because: for all kK € n™, there exists k € ran f. So, since n™ #0 =2
by Theorem 4D, there must exist some k € ran f. Since ran f # &, 0 € ran f U [Jran f:

Let the set S = {k € w|0 € k}. By definition, 0 € S. Suppose k € S. If k=0, 0 € k. When 0 € k,

0 € k™. Thus, kT € S and S is an inductive subset of w. By the Induction Principle for w, S = w. As
ran f # @ (and is a subset of w): Either 0 € ran f. Or for all k € ran f (of which there exists at least 1),
k#0and 0 € k €ran f, so 0 € Jran f. Regardless, 0 € ran f U|Jran f is true.

Consequently, m # 0 since m ¢ ran f U|Jran f. Therefore, there exists 7 € w with n™ = m by
Theorem 4C. As n € m, m € n is false by the Trichotomy Law for w. As a result,
n €ran f U Jran f.

We claim that 7 is the largest element of ran f U|Jran f. Assume otherwise. Then, it is false that
for all k € ran f UJran f, k € n. Accordingly, it is also that false for all k& € ran f U Jran f,
kent It is then true that there exists k € ran f U|Jran f with k ¢ 7. By the Trichotomy Law
for w, T € k. In other words, m € k. Since m ¢ ran f U Uran f, m € k. Now, either

m €k eran f or m € k € [Jran f. In the latter, there exists ksuchthat m ek ek € ran f. By
Theorem 4F, m € k € ran f. Thence, in both cases, m € | Jran f. Clearly, this contradicts the fact
that m ¢ ran f UJran f. Whence, it must be that n is the largest element of ran f U | Jran f.
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It must be that n € ran f, because if it is in (Jran f, then there exists some k € ran f such that
n € k. By the Trichotomy Law for w, k ¢ 1. Which contradicts the established fact that i is the
largest element of ran f U|Jran f. Hence, 7 € ran f holds true.

Wherefore, n is indeed the largest element of ran f.
QED. ®

27. Assume that A is a set, G is a function, and f; and fs map w into A. Further assume that for
each n in w both f; [ n and fs [ n belong to dom G and

filn) =G(fi [ n) & fa(n) =G(f2 [ n).
Show that f; = fo.
Proof:

Let the set S = {n € w| fi(n) = fo(n)}. If every number less than n is in S, then for all k € n:
f1(k) = falk). Hence, fi | n = {{k, f1(K)} | k € n} = {(k, fa(k)) | s € n} = fa | n. Consequently,
n € S since fi(n) =G(f1 [ n) = G(f2 [ n) = fz2(n). By the Strong Inducion Principle for w,

S = w. Wherefore; f1 = {(n, fi(n))|n € w} = {(n, fa(n)) |n € w} = fo.

QED. H
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1.4 Construction of The Real Numbers

*Note that from here on out, we will use Theorem 4K without stating it. (No real point to do so)

1.4.1 Integers
Self-Proof of Theorem 5ZA:

Clearly, by Thoerem 4K (2), we have m + n = n + m for all natural m and n. Thus,

(m,n) ~ (m,n), and hence, ~ is reflexive on w x w. If (m,n) ~ (p, q), then we know

m + ¢ = p+ n by definition. Which can be rewritten as p + n = m + ¢. Thus, (p,q) ~ (m,n)
immediately follows. So, ~ is symmetric. Lastly, assume (m,n) ~ (p,q) and (p,q) ~ (r,s). In
other words, m +q¢=p+n and p+ s = r + q. Whence,

m+q+pts=p+ntr+gq
m+s=r+n by Corollary 4P
Consequently, (m,n) ~ (r + s); meaning ~ is transitive.

Wherefore, since the relation ~ is reflexive on w X w, symmetric, and transitive, ~ indeed is an
equivalence relation.

QED. ®
Self-Proof of Lemma 57ZB:

Assume that (m,n) ~ (m/,n’) and (p,q) ~ (p,q'). Thus, we know that m + n’ = m’ + n and
p+q =p + q. Summing them up, we get that

m+n+p+q¢ =m'+n+p +q
m4p+n +qg=m'+p +n+gq
Consequently, (m + p,n+ q) ~ (m’ +p’,n’ + ¢') by definition.
QED. ®
Self-Proof of Commutativity for Theorem 5ZF:

By definition, for any integers a and b, there exists natural numbers m, n, p, and ¢ with
a = [{(m,n)] and b = [(p, ¢)]. Therefore,

)]z [(pq)]

(m
(mp + ng, mq + np)]
(
(p,

pm + qn, pn + qm,)]

)] -z [(m,n)]

[
[
[
[

b-za

Which means that, the multiplication operation -z is commutative indeed.
QED. m

Self-Proof of Theorem 5ZG:

(a) By definition, for any integer a, there exists natural numbers m and n with ¢ = [(m, n)]. So,

a-z 1z = [(m,n)] -z [(1,0)]
=[m-14n-0,m-0+n-1)]
= [(m, n)]

Thus, as desired, the integer 17 is the multiplicative identity.
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(b) Since 0+ 0 =0 while 1 + 0 =1, we know 0+ 0 # 1 4 0. Therefore, (0,0) ~ (1,0) is false.
Hence, it is indeed true that Oz # 17.

(c) Let a # 0z and b # 0z. Then, there exists nonzero natural numbers m, n, p, and ¢ such that
a = [{m,n)] and b = [(p,q)]. As a result,

a-zb=[(m,n)] -z [{p,q)]
= [(mp + ng, mq + np)).

By exercise 13 of chapter 4, we know that mp, nq, mq, np are all nonzero. Whence, first
notice that there exists a, 8 € w with a* = ng and 8™ = np by Theorem 4C. We now know
that (mp + o™, mg+ %) = [((mp + &)™, (mg + B)™)] (by (A2)); where (mp + )" and
(mq + B)* are certainly nonzero by Theorem 4D.

Taking the
contrapositive of this conditional statement, we know that for all m and n, a -z b = 0 implies
a =0z or b= 0z.

QED. ®

Remarks: Note that [(m,m)] = [(0,0)] = 0z! So, we actually have not proven that a-z # 0z.
Instead, what we could do is something like the following by Enderton:

Since a # [(0,0)], we have m # n. So either m € n or n € m. Similarly, either p € ¢ or ¢ € p. This
leads to a total of four cases, but in each case we have

mp + ng # mq + np
by Exercise 25 of Chapter 4. Hence, a -z b # [(0,0)].

Self-Proof of Theorem 5ZI:

For all integers a and b, there exists natural numbers m, n, p, and ¢ with a = [(m, n)] and
b = [{p, q)] by definition. So, exactly one of the following is true by the Trichotomy Law for w.

m+q=p+n, m+qgep+mn, or p+necm-+gq.
Which also equivalently means that exactly one of the below options is true
[(m,m)] = [{p,@)], [m,m)] <z [p,q)], or [p,g)] <z [(m,n)].
Therefore, <z satisfies trichotomy on Z because one and only one of these are true:
a=b, a<zb, or b<ya.

Also, for any integer ¢, there exists the natural numbers r, and s so ¢ = [(r, s)]. As a result, when
a<zbandb<zec,m+qg€Ep+nandp+se€r+q. Adding an s and an r respectively to each, we
get that m+qg+sep+n+sandp+s+ner+qg+n. By Theorem 4F, m+qg+se€r+q+n.
Via Theorem 4N, we conclude that m + s € r +n. i.e. <z is transitive since [(m, n)] <z [(r, s)].

Wherefore, since <z satisfies trichotomy on Z and is transitive, <z must be a linear ordering
relation on Z.

QED. H
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Self-Proof of Corollary 5ZK:

(a)

Since a +7 ¢ = b+ ¢, thus we know that both a +7 ¢ <z b4z c and b+ ¢ <z a +7 c are by
trichotomy (since <z is a linear ordering from Theorem 5ZI). Now, by Theorem 5ZJ (a), we
know that the following are both false: a <z b and b <z a. Wherefore, again by trichotomy,
it must be that a = b.

We apply a similar procedure as used in the above proof of (a). Assume ¢ # 0z and

a7 c=10b-zc. Accordingly, by trichotomy, both a -7 ¢ <z b-z c and bz ¢ <z a -7 ¢ are false.
Which then means a <z b and b <z a are false too by Theorem 5ZJ (b). Wherefore, utilising
trichotomy one last time, it must be true that a = b.

QED. H
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Exercises:

3. Is there a function H: Z — Z satisfying the equation
H([(m,n)]) = [(n,m)]?
Answer:

We construct the set H = {{[(m,n)], [(n,m)]) | m,n € w} by some applying a subset axiom
to Z x Z.

Now, we verify that it is a (well-defined) function. Let (m,n) ~ (p, ¢), meaning
m+ q = p+n. Clearly, n + p = ¢ + m, which means that (n,m) ~ (g,p). Consequently, we
see that

H([(m,n)]) = [{n,m)]
= [(g,p)] by the above fact

= H([(p,9)])-

Thence, it is indeed a function, which clearly also satisfies the given equation. Wherefore,
such a function indeed exists (we just constructed one).

5. Give a formula for subtraction of integers:
[(m,m)] = [(p. )] = 7

Answer:

By the definition given earlier about the subtraction of integers, namely that:
b—a=>b+yz(—a) for any integers a and b,

we see that

[((m,n)] — [{p, @)] = [(m,n)] + (= [(p, q)])
[((m,n)] +2z [(g,p)]

= [(m +p,q+n)]

So, our formula for the subtraction of integers is
[(m,m)] = [(p, )] = [(m +p,q +n)].

8. Prove parts (a), (b), and (c) of Theorem 5ZL.
Proof:

(a)

E(m) +z E(n) = [(m,0)] + [{n,0)]
[(m +n,0)]
E(m+n)

E(m) -z E(n) = [(m,0)] -z [(n,0)]
[(mn+0-0,m-0+4+0-n)]
[(mn, 0)]
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(c) Assume m € n. Then, clearly m + 0 € n + 0. Hence, [(m,0)] <z [(n,0)].

Consider the converse, first supposing that [(m,0)] <z [(n,0)]. By definition,
m + 0 € n+ 0. Which is simplified to m € n, as desired.

Wherefore, we can now conclude that m € n iff E(m) <z E(n).
QED. H

9. Show that
[((m,n)] = E(m) — E(n)

for all natural numbers m and n.

Proof:
We see that
E(m) — E(n) = [(m, 0)] +z (=[(n, 0)])
= [(m,0)] +z [(0,n)]
=[(m+0,0+n)]
= [<m7 n>]
as desired.
QED. H
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1.4.2 Rational Numbers
Self-Proof of Theorem 5QA:

Reflexivity on Z x Z': Assume that (a,b) € Z x Z'. Then, it clearly holds that a - b= a -b. Which
now means that (a,b) ~ {(a,b); i.e. ~ is indeed reflexive on Z x Z’.

Symmetry: Let (a,b) ~ {(c,d). It follows that a - d = ¢ - b. Immediately, ¢-b = a - d must hold true
too. Thus, (c,d) ~ (a,b) by definition; and so ~ is symmetric.

Transitivity: Suppose that (a,b) ~ (¢, d) and {c,d) ~ (e, f). This means that a-d = ¢-b and
c-f=e-d. Accordingly,a-d-f=c-b-fandc-f-b=-e-d-b. By Theroem 5ZF,
a-f-d=c-b-fandc-b-f=e-b-d. Consequently, a-f-d=-e-b-d. By Corollary 5ZK (as
d € 7' is nonzero), a - f = e-b. Therefore, (a,b) ~ (e, f). We can conclude that ~ is transitive.

Wherefore, since the relation ~ is reflexive on Z x Z’, symmetric, and transitive, it is an
equivalence relation on Z x Z'.

QED. H
Self-Proof of Corollary 5QG:

Assume r and s are nonzero rational numbers, i.e. there exists the nonzero integers a, b, ¢, and d
so that r = [{(a, b)] and s = [(¢,d)]. Thus, [{(a,d)] -z [{c,d)] = [{ac, bd)]. Since a and ¢ are nonzero,
ac # 0 by the contrapositive of Theorem 5ZG (c). Consequently, ac-1 # 0 - bd, lest ac = 0. Which
implies that (ac, bd) > 0g. In other words, r - s is nonzero.

QED. H

Self-Proof of Lemma 5QH:

By assumption, (a,b) ~ {(a’,V’) and (¢, d) ~ (¢'d'), where b, V', d, and d’' are all positive. So, we
know that ab’ = a’b and cd’ = ¢/d. Then,

ad < cb <= adb'd < cbb'd

<= ab'dd < cd'bb’ by Theorem 5ZF

<= a'bdd’ < c/dbb since ab’ = a'b and cd’=c’d
<= d'd'bd < cb'bd by Theorem 5ZF

— dd < by Theorem 5ZJ (b)

Wherefore, indeed ad < cd iff a'd’ < V.
QED. ®

Self-Proof of Thereom 5QI:
Trichotomy (on Q): By Theroem 5ZI, exactly one of the following are true:

ad =cb, ad<cb, or cb<ad.
Which means that one and only one of the below is true
r=s, r<s, or s<r.

Thus, <g satisfies trichotomy on Q.

Transitivity: Assume that p <@ ¢ and ¢ <@ r. By definition, there exists the integers a, c, e, as
well as the positive integers b, d, and e with p = [{a, b)], ¢ = [{c,d)], and r = [(e, f)]; such that
ad < ¢b and cf < ed. Consequently, we know that

adf <cbf and cfb < edb
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by Theorem 5ZJ (b) (since b and f are nonzero). With Theorem 5ZF, we can rearrange the above

(equivalently) as
afd < cbf and cbf < ebd.

Now, by Theorem 5ZI (transitivity of <), afd < ebd. Finally, utilising Theroem 5ZJ (b) (as d is
nonzero), we conclude that af < eb. As a result, p <g r and transitivity holds.

Wherefore, we clearly see that <g must be a linear ordering on Q.

QED. ®
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Exercises:

11. Give a direct proof (not using Theorem 5QF) that if r -g s = Og, then either r» = Og or
s = OQ.

Proof. See my Self-Proof of Corollary 5QG, as this is the contrapositive of Corollary 5QG.
12. Show that
T <Q 0@ iff OQ <Q —T-
Proof.

Let r be a rational number. In other words, r = [{(a, b)] for some integer a and nonzero
integer b. Then,

r<glp <= a-1<0-b
< a<0
<= a—a<—a by Theorem 5ZD (b)
— 0< —a
— 0:-b<—-a-1
< 0<qr.

Thus, we have shown that indeed r <g Og iff 0g <g —7.

QED. H
14. Show that the ordering of the rationals is dense, i.e., between any two rationals there is a
third one:
p<gs = Ir(p<gr<gs).
Proof.

Let p <g s. We can write p = [{a,b)] and s = [{¢, d)] for some integers a, ¢, and positive
integers b, d so that ad < cb.

Now we construct the rational number r» = [{a + ¢,b + d)]. As addition (of integers)
preserves order by Theorem 5ZJ, we see that

ab+ad <cb+ad and ad+cd < cb+ cd.

Consequently, we apply the commutative of integer addition from Theorem 5ZC to restate
the above equivalently as

ab+ad <ad+cb and ad+cd <cb+ cd.
Hence, since for integers, multiplication distributes over addition by Theorem 5ZF;
alb+d) <(a+c)b and (a+c)d < c(b+d).
Wherefore, we can conclude that p <g r <g s indeed.

QED. ®
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1.4.3 Real Numbers
Self-Proof of Theorem 5RA:

Transitivity: Let x <g y and y <g z. We then know that = C y and y C z by definition. Thus, all
elements of x are in y, and hence, in z too. In addition, (as y C z) there exists an element of z
that is not in y, and so, not in = as well. Consequently, x C z, i.e. x <g z. Which means that <g
is transitive.

Trichotomy on R: Assume that for real numbers = and y, there exists r € x with r ¢ y and there
exists ¢ € y so ¢ ¢ x. By the trichotomy of < (Theorem 5QI), exactly one of

g<r, gq=r, r<gq
is true. We now evaluate them casewise using the fact that « and y are closed downwards:
1. When ¢ < r, then q € z.
2. If ¢ = r, then immediately, they are elements of both z and y.
3. Whenever r < ¢, it follows that r € y.

In any case, it contradicts our original assumption that ¢ ¢ = and r ¢ y. Therefore, it must be
true that for all r € x, r € y, or for all ¢ € y, ¢ € z. In other words, either

zCy or yCux
Which is the same as saying
rCy or rx=y or yCuwx.

Now, we see that only one of the above holds true; lest * C x, y C y or x C y C x, which implies
x C z. Hence, <p satisfies trichotomy on R.

Wherefore, the relation <g is indeed a linear ordering on R.
QED. 1

Self-Proof of Theorem 5RB:

Let S be a bounded nonempty subset of R, and U be the set of all upper bounds of S. We claim
that (U is a least upper bound in R:

(a) Since S is nonempty, there exists one x € S that is itself nonempty by definition. Hence
there is some ¢ € x. By definition, for all z € S and b € U, x <g b. Which is the same as
saying x C b. Thus, ¢ € b for all b € U. In other words, ¢ € (U; meaning (U # @. We also
know, all upper bounds of S must be real numbers. That is, all of them are proper subsets
of Q. Therefore, U C Q as well. In sum, we have shown that @ # (U # Q, and that U
is a subset of Q in this paragraph.

(b) Now, (for any rational numbers p and q) if ¢ € (U and p < g, then for all b € S, ¢ € b and
p < g. Since b is real, it is closed downwards. Consequently, p € b (again, for all b € ).
Thence, p € (JU. We see that (U is also closed downwards.

(¢) Given any r € b € U, there must exist ¢ € b with r < ¢ since the real numbers b have no
largest element. Accordingly, this can be immediately rephrased into: for all » € (U, there
exists ¢ € (U so that r < q. Whence, (U is closed downwards.

As a result, we conclude that (U is a real number. We need to lastly show that (U is the least
upper bound:
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Clearly, for any b € U, (YU C b. Thereupon, we see that (U <g b by definition. i.e. (U is a
(real) least upper bound of S.

Wherefore, any bounded nonempty subset S of R indeed has a least upper bound, (U in R.
QED. 1

Self-Proof of Lemma 5RC:

Let  and y be real numbers. We now verify that x +g y is real:

(a) By definition, z and y are nonempty. So, let ¢ € z and r € y, of which there exists at least
one such ¢q and r respectively. Then, r + g € x +r y by definition, implying that x +r y # <.
Clearly, = +g y is a subset of Q since ran+ C Q. We also know that x and y are proper
subsets of QQ, meaning there exists some rational numbers s; not in z and s not in y.
N A Ccsircd, 7 +5 y C Q. In

sum, @ # z+qy C Q.

(b) Assume g +r € x +r y where ¢ € z and r € y, and the rational number b is less than ¢ + r.
It follows that b — r < q. Therefore, b — r € = since the real number z is closed downwards.
Whence, b—r+r =>bisin z +ry. i.e. x +gr y is also closed downwards.

(c) Let s € x +g y. By definition, there exists ¢ €  and r € y with s = ¢ + . We know that the
reals 2 and y have no largest member. Hence, there exists some ¢ € x and ¥ € iy s0 ¢ < ¢
and r < 7. Furthermore, we see that ¢+ r < ¢+ r and ¢+ r < ¢+ 7. Finally, by the
transitivity of <, ¢ +r < ¢+ 7. Which means that we have just shown that for any element
of x +p y, there exists another one greater than it in  +r y. In other words,  +gr y has no
largest element.

Wherefore,  +g y is in R.
QED. ®

Remarks: This does not immediately mean that s; + so ¢ x +gr y. Its still not clear that s; + so
must not be in x +g y. Actually, we need to add in one last part to complete our argument:

Consequently, for any ¢ € x and r € y, it must be that ¢ < s; and r < s5: Lest s1 < ¢ but s; ¢ «
or so < r but so ¢ y (which would violate the fact that the reals x and y are closed downwards).
Thus, ¢ +r < s1 +7 and s; + 7 < s + s3. By the transitivity of < on Q, ¢+ r < s1 + $so.
Thereupon, for all members g + r of x +r y, ¢ + r # s1 + S2, by trichotomy. Thence,

S1+ So ¢I+Ry

Self-Proof of Theorem 5RE:

(a) (A) By definition, Og contains only (negative) positive rational numbers, and thus, it is a
subset of Q. Notice that —1 € O, meaning it is indeed nonempty. In sum, we proved
@ # 0 C Q.
(B) If ¢ € 2 and r < ¢ < 0, by transitivity, we know r < 0 as well. Hence, r € 2. Therefore,
x is closed downwards.

(C) Suppose ¢ € Og. Then, ¢ < 0. By Exercise 14 of the last section on rational numbers,
there exists ¢’ with ¢ < ¢’ < 0. As a result, ¢’ € Og. i.e. We have shown that Og has no
largest member.

Since O is a subset of Q with the 3 above properties, it is a real number.

(b) i z4rOg C z: Let g € x and r € Og. So, we know r < 0. Hence, g +r < ¢. Since z is a
real number, it is closed downwards: ¢ + r € x. Thence, x +r Og C .
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ii.

x C x +g Og: Again, we assume g € x. Since the real number x has no largest element,
there must exist some ¢ € x with ¢ < ¢. Accordingly, ¢ — ¢ < 0, implying that
q — q € Og. Consequently, ¢+ (¢ — ¢) = q €  +g Og. In other words, z C x +x Og.

Whence, we can conclude that x +x Ogp = x.

QED. ®

Self-Proof of Theorem 5RF:

(a) As per normal, we need to verify the three properties of real numbers:

(A)

Let —s € @ \ z, of which there exists at least one since 2 C Q. Then, s — 1 < s, and
thus, s — 1 € —x. As a result, —x # &. Consider 1’ € z. As the real number z is
nonempty, we have that there again is at least one such r’ € x. Subsequently, for any
s> —r', we see that —5 < r’. Correspondingly, —5 € x since z is closed downwards.
Resultantly, this means that —r' ¢ —z because there exists no s > —r’ so that —5 ¢ .
In other words, —z C Q. In sum, it has been shown here that @ # = C Q.

Assume r € —z and the rational number ¢ is less than r. So, there must exist some
s >r with —s ¢ z. Hence, ¢ < r < s, and by transitivity, s > ¢. Thence, ¢ € —z. We
see that —x is closed downwards.

We give two proofs that —z has no largest member, first by contradiction and then
directly:

V1. Suppose —z has a largest element r*. It follows from definition that there exists
some s > r* with —s ¢ . Now, s must not be in —z; lest s € —x and s > r*

— which would mean r* is not the largest member of —x. However, we see that a
contradiction is inevitable; because by Exercise 14 of this chapter — that states
that the ordering of the rationals is dense — there exists ¢* with r* < ¢* < s.
Therefore, it is clear that ¢* € —zx and r* < ¢* simultaneously. Whence,
contradicting our assertion that —z has a largest element 7*. Consequently, it must
be that —x has no largest element.

V2. Suppose r € —x again. Once more, we know there exists some s > r with —s ¢ x
by definition. Now, either s € —z or s ¢ —x. Consider the former case of s € —a:
immediately we see that s > r and s € —z simultaneously. In the latter case of
—s ¢ x, by Exercise 14 of this chapter (that proves that the ordering of rationals is
dense), there exists some rational ¢ with r < ¢ < s. Therefore, ¢ € z and ¢ > r
again. In any case, it is clear that for any element of —x, there exists another
larger one in —x. Whence, —z has no largest element.

Since —x is a subset of Q satisfying the 3 properties above, it certainly is a real number.

QED.®
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Exercises

16.

18.

In Lemma 5RC, show that x 4+ y has no largest element.
Proof:
See Self-Proof of Lemma 5RC.

Assume that p is a positive rational number. Show that for any integer b there is some k in
w with
r <p-E(E(k)).

(Here, k is in w, E(k) is the corresponding integer, and E(E(k)) is the corresponding
rational.)

 Notational note before we start: We shall include a subscript for addition, multiplication and !
' ordering of integers and rationals. As well as for some specific integers like 0z and 17. While |

We can write r = [{a, )] and ¢ = [{¢, d)] for some integer a, positive integers b, ¢, and d.
Repeating this procedure, we see that there exists natural numbers m, n, p, q, r, s, ¢, and j
S0

a= [<ma TL>], b= [<p7 C]>], c= [<T, S>]a and d= [<7’v]>]

By the Trichotomy Law for w, any natural number is either 0 or contains 0. Thus,
0 € mr+mns+ip+ jg+ 1. Using Theorem 4N, that shows that € is preserved under
addition of naturals, we arrive at two results:

{i} (mr+ns+ip+jq) + 0 € (mr+ns+ip+ jg+1), and
{ii} (mr+ns+ip+jg+1) € (mr+ns+ip+jq+1) + (ms+nr+iqg+jp)

Therefore, since natural numbers are transitive sets by Theorem 4F, s
(mr+ns+ip+7q)+0€ (mr+ns+ip+jg+1)+ (ms+nr+iq+jp).
As a result, by the definition of the ordering on integers;
[(mr +ns+ip+ jq, ms+nr+ig+ jp)] <z [(mr+ns+ip+jqg+1, 0)].
We now simplify each side of this inequality, starting from the left first:

[(mr +mns+ip+ jq, ms+nr +iq+ jp)] = [(mr + ns, ms + nr)] +z [{(ip + jq,iq + jp)]
= [(m,n)] -z [{r, )] +2 (i, 5)] -z [(p, @)]
= ac +yz db.
Similarly for the right, it is just E(mr 4+ ns+ip + jq+ 1). Hence, we can rewrite our above

inequality as
ac+yz db <z E(mr+ns+ip+jg+1).

To again utilise the fact that the ordering of integers is transitive, we notice two facts again:

{i} (ac+zdb) -1z <z E(mr +ns+ip+ jqg+ 1), and

{ii} E(mr+mns+ip+jg+1) <z E(mr+ns+ip+ jqg+ 1) - be, because bc is a positive

integer?.
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It follows that
(ac+7 db) -1z <z E(mr +ns+ip+ jg+1) - be.

Thence, by the definition of the linear ordering on the rationals,

[(ac+ db,bc)] <q [(E(mr +ns+ip+ jg+1),1z)].
Once more, we repeat the process of simplifying both sides, again starting from the left:

[(ac + db, be)] = [(a, )] -q [{d; c)].
Then, as for the right, it is simply
[(E(mr +ns +ip + jq + 1), 1z)] = E(E(mr + ns +ip + jq + 1)).

Rewriting the inequality above, we get

[(a,b)] -g [{d,c)] <q E(E(mr+ns+ip+ jqg+1)).

Consequently, since multiplication of positive integers preserves the ordering of the rationals
by Theorem 5QJ (b),

[(a,0)] -q [(d, 0)] @ [{c, d)] <q@ E(E(mr +ns+ip+jg+1)) g [{c,d)]
[{a,b)] <g [{c,d)] -0 E(E(mr +ns+ip+ jg+1))

This is just

r<gp-E(E(mr+ns+ip+jq+1)).
Wherefore, there indeed exists a k in w so that r <g p -9 E(E(k)); as we have just shown
that mr 4+ ns + ip + jq + 1 is one such k.

QED. ®

2] omit small details like proving that since b and ¢ are positive integers, bc must be positive as well, as it would
frankly be a waste of time.
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19.

20.

Assume that p is a positive rational number. Show that for any real number z there is some
rational ¢ in = such that

p+q¢m
Proof:

Since x is real, we know x # Q. Hence, the proper subset = of Q has an upper bound b in
Q\ x: Otherwise, there exists some ¢ € x with b < g but b ¢ x, which either contradicts ¢ € x
or violates the fact that x is closed downwards. Then for any positive rational number p,

b < p+b. Which means that p + b ¢ x because all rationals in z are strictly less than b.

QED. ®

Show that for any real number x, we have Og <g |z|.
Proof:

It is clear that for any real numbers x, either x > Og or x <g Og — by the trichotomy of
the linear ordering on R (Theorem 5RA). Hence, we consider them casewise:

x >gr 0: Then, by definition, Og C . It follows that Og C U —x. So, Og <g |z|.

x <g Og: Thus, since —z is a real number (by Theorem 5RE), we see that

21.

x 4r (—z) <g Og +r (—2) as addition of reals preserves order by Theorem 5RH, so

Op < —2x because —x is the additive inverse of 2 be Theorem 5RF.

Consequently, Og C —z, and thereupon, Og C U —z. Which means that Og <g |z|
holds.

Wherefore, in any case, we can conclude that Og <g |z|.
QED. H
Show that if x <g y, then there is a rational number r with
z <g E(r) <r y.

Proof:

Assume that  <g y. Then, we immediately know that = C y. In other words there exists
some s in y but not in . This s must be an upper bound of z, lest there is some ¢ € z with
s < g but s ¢ © — contradicting the fact that = is closed downwards. Since y has no largest
element, s < s’ for some s’ € y. For all ¢ € 2, ¢ < s < §’. So, by transitivity, ¢ < s’. Which
shows that s’ ¢ © — otherwise, s’ would be the largest element of x — as well as that

x C E(s"). Consequently, as s ¢ x but s € E(s’),  C E(s'). Similarly, by reason of s’ € y;
for any r < s, r € y by virtue of y being closed downwards. In other words, E(s') C y. In
addition, s’ ¢ E(s"). Whence, E(s") C y. Subsequently, we see that © C E(s") C y.
Wherefore, we conclude that there indeed exists the rational number s’ with

T <R E(S/) <R Y.

QED. H
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22. Assume
Proof:
Clearly,

that z € R. How do we know that |z| € R?

|| is a subset of Q by definition. As usual, we need to show the three properties of

real numbers are satisfied, which we will do now:

(a) The real number z is nonempty by definition. So, x U —z must be nonempty as well.

By

Theorem 5RA, the linear ordering on R is trichotomous. Thus, x <r Og, Or <gr z,

or x = Og is true. We consider them casewise:

O When z <g Og, let —s € Og \ z. At least one such —s exists since Og C z.

O

O

Consequently, —s < 0 and 0 < s. Which means that for all ¢ € x, ¢ < 0 < s. By
Theorem 5RA, the linear ordering <g is transitive. Therefore, ¢ < s and hence
q € —z. In other words, x C —z. Combined with the fact that the real number —x
is not Q, it must be that x U —z # Q as well.
If Og <R x, then

Or +r (—2) <g = +r (—), so

—x <g Og.

Accordingly, —z C —(—x) by the previous part. Now, recall that (R, +g,Og) is an
Abelian group. As such, by PLemma A, —(—z) = z. As a result, —z C z. Thence,
x U —z # Q because, again, the real number z is not Q.

(PLemma A. In any Abelian group (A,+,0), and for any x € A, v = —(—x).
Proof:

x4+ (—2)=0 by property 3
[z + (=2)] + [-(=2)] = =(—=x) by property 3
z+ ((—z) + [-(—2)]) = —(—z) by property 1
x+0=—(—x) by property 3

x=—(—x) by property 2 ¢

\

Lastly, in the case that z = Og; we see that Og +g (—2), meaning —z = Og. It is
clear that x U —z = Or # Q.

In any case, @ # || C Q.

(b) Assume ¢ € |z| and r < ¢. Immediately, either g € x or ¢ € —x. Since x and —z are
both real, they are closed downwards. Whence, in both cases, r € |z|. That is, |x| is
also closed downwards.

(¢) Finally, we need to prove |z| has no largest element. Again, suppose that ¢ € |z|. By
virtue of the reals  and —z having no largest member, regardless of whether ¢ € = or

qE<

—z, there exists some r > ¢ that is in the same set as ¢ (i.e. in z or —z).

Accordingly, r € |x| with r > ¢. Thereupon, |z| has no largest element.

Wherefore, since |z| is a subset of Q satisfying the 3 above properties, it is indeed a real

number.

QED. ®
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1.4.4 Cardinal Numbers and the Axiom of Choice

Self-Proof of A ~ A.

Information provided:

We define a one-to-one function H from ZA onto 42 as follows: For any subset B
of A, H(B) is the characteristic function of B, i.e., the function fg from A into 2 for
which
1 ifzeB,
fB(x) = {

0 ifzeA-B

Let g € 42 and define the sets Dy = {x € A|g(z) = 0}, and D; = {x € A|g(z) = 1}. The
sets Do and D; are disjoint, lest g(x) = 0 and g(x) = 1 simultaneously, which would violate
the fact that the function g is single-valued. This combined with the fact that Dy U D; = A
— because g has domain A in which g(x) = 0 or g(z) = 1 — means that Dy = A — D;.
Consequently, we can write the mapping of g as

@ {1 ifweD
xTr) =
J 0 ifzeAd—D,

Accordingly, we notice that H(D;) = g(z). Hence, H is a surjective function.

Now assume that H(B) = H(B’). Then we immediately see that fg = fp/ are functions
mapping from A into 2 so

1 ifxeB, 1 itzxeB, _
fﬂ@_{o erA—B.}_{O ﬁmeA—Bh}—ﬁ”@

Therefore, it is clear that fg(z) =1 iff fp/(z) = 1; i.e.
{r € A|fe(z) =1} = {x € A| fp/(x) = 1} since both functions have domain A. However,
by definition, the former is just B, while the latter is simply B’. That is:

B={zecA|fpx)=1}={x € A| fp(x)=1} =B

Thence, the function H is injective.

Wherefore, it now follows that H is a bijective function from A to 42. Which means that
PA A2, O

Self-Proof of Theorem 6A.

(a) Clearly, the identity map I4 provides us with such a bijection from A into A. When
a € A, Ix(a) = a. Thus, the identity map is surjective. Similarly, if I4(a) = I4(a’),
then by definition, I4(a) = a and I4(a’) = a’. Accordingly, a = a’. We conclude that
the identity map is also injective. Whence, A is equinumerous to itself.

(b) Assume that A ~ B. In other words, there exists a bijection f: A — B. By Theorem
3F, f~! is a function mapping from B into A because f is injective. Given any a € A,
f(a) exists. Therefore, using Theorem 3G, we have that f~1(f(a)) = a. We see that f~1
is surjective. Again, from the same theorem, for any b and &’ in B such that f(b) = f(b’)
— meaning f(f~1(b)) = f(f1(b)) — we observe that f(f=1(b)) =b= f(f~1(¥)) =1V'.
As aresult, f~!isinjective. Thence, f ! is a bijection from B into A; B is equinumerous

to A.
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Now let A = B and B ~ C. Immediately, there must exist some bijection Gag: A — B
and éBc : B — (€. Thus, we now construct the bijection Gac: A — C with
Gac(a) = Gpo(Gag(a)).

Suppose a = a’. Hence, owing to the fact that Gap is a function, G ag(a) = Gag(a’).
By reason of éBC also being a function, éBc(GAB(a)) = éBC(GAB(a’)). Conse-
quently, Gac(a) = Gac(a). i.e.: Gac is a function.

If ¢ € C, then there is some b € B so ¢ = éBc(b) because CNT'BC is surjective. Similarly,
as G ap is surjective, b = Gap(a) for some a € A. In sum, there exists an a € A such
that ¢ = Gpc(Gap(a)). By definition, Gac(a) = ¢. In other words, subjectivity is
proven. Whenever G ac(a) = Gac(a'), CNT'BC(GAB(a)) = CNY'BC(GAB(a’)) by definition.
Hence, since Gpe is injective, Gap(a) = Gap(a’). Repeating this once more, due to
G ap being injective, it must be that a = a’. We see that G 4¢ is injective.

Wherefore, G 4¢ is indeed a bijection from A into C'. Which means that A ~ C.

Self-Proof of Theorem 6B.

(a)

(b)

(N.A.) Mmm formalising decimals, specifically the part about showing every real num-
ber can be expressed as a decimal seems troublesome so nope. Interestingly, the argu-
ment is almost the same as that of (b).

Assume that the function f maps S into its powerset. And let C' be the subset of S so
that © € C'iff z ¢ f(x). Now, there either exists some s € S with f(s) = C or there does
not. Consider the case that there exists such a s € S. Then, it follows that s € f(s)
iff s € C. By our construction of C, s € f(s) if and only if s ¢ f(s). However, this is
clearly a contradiction. Consequently, it must be that there does not exist any such s.
In other words, we have constructed a set C' in the powerset of S but which is not in
ran f for any function f: S — £S. Thence, showing that any f: S — S is never
surjective. So, clearly there does not exist a bijection from S into &£2S. Wherefore, S
is not equinumerous to its powerset.

O

1. Show that the equation

flm,n)=2"2n+1) -1

defines a one-to-one correspondence between w X w and w.

Proof. There are three criterion we need to check for, namely injectivity, surjectivity and that
f is a (well-defined) function.

Surjectivity:

Let k be a natural number. By exercise 14 of Chapter 4, any natural number is either even or
odd (but never both). Hence, we consider this casewise. First consider the much simpler case
of k being even, which means k = 2n for some natural n. Thus, f(0,n) =2°(2n+1) — 1 =
2n = k. As for the latter case where k is odd, there is some natural n with & = 2n + 1. In
other words, k+1 =2n+2 =2(n+ 1) is even. We now need the following lemma:
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rPLemma A. Any nonzero even natural number can be written as 2¢(2j+1) for some natumls‘
1 # 0 and j, both less than n.

Proof*. Let T be the set of naturals, n, so that if n is nonzero, then it can be written as
24(2j 4+ 1). Assume that for all m € n, m € T. If n = 0, n € T immediately holds. Suppose
that n is nonzero. Then, consider n being odd, i.e. it can be written as some 25 4+ 1. Thus,
2n = 21(2j + 1). When n is even, it is equivalent to some 2m*. Clearly 1 € m* € n. Hence,
2m* is expressible as some 2¢(2j + 1). Which means that 2n = 2°+1(25 4 1). In any case, we
see that n € T'. By the Strong Induction on w, T' = w. O

“We shall avoid stating “for some naturals...” to avoid unnecessarily cluttering up the proof. It should be
clear to the reader which symbol represents what.

\ J

Utilising the above PLemma A, there are some natural numbers i # 0 and j (both less than
n) for which 2n + 2 = 2¢(2j + 1). It follows that k = 2n + 1 = 2425 + 1) — 1 = f(4,§).
Consequently, irregardless of whether k is even or odd, k is always in the range of f. Which
means that f is surjective.

Injectivity:

Suppose that f(m,n) = f(m/,n'). ie. 2™(2n+ 1) = 2™ (2n/ + 1). And that T’ is the
set of natural numbers m so that for all natural m/, 2(2n + 1) = 27 (2n/ + 1) implies
m = m/. Starting from m = 0 as usual, we see that 20(2n + 1) = 2™ (2n/ + 1) must
mean m = m/, lest m’ > 1 which would mean a natural number is both odd and even
at the same time, contradicting exercise 14 of Chapter 4. Now, presume m € T. Clearly
2" (2n+1) = 2[2™(2n+1)] = 2™ (2n/+1) tells us that m’ > 1, lest m’ = 0; meaning a natural
number is both even (left side) and odd (right side). Creating the same contradiction as above.
Since m’ > 1, there is a natural m with m’ = m™. Accordingly, 2[2™(2n+1)] = 2[2™(2n/+1)],
and from the cancellation laws for natural numbers, we notice that 2™ (2n+1) = 2™(2n/ +1).
By our induction hypothesis, m = m again. In other words, m™ = m/. Thereafter, by the
cancellation laws, it follows that 2n +1 = 2n’ 4+ 1, and whence, n = n/. Resultantly, we have
proven the injectivity of f.

Well-Definedness of f:

Lastly, we have the simplest part of our proof. Without pouring over minute details, if
m = m’ and n = n’, then by virtue of addition, multiplication and exponentiation being
functions, we can conclude that 2™(2n + 1) = 2™ (2n’ + 1).

Wherefore, the bijection f defines a one-to-one correspondence between w X w and w. O]

3. Find a one-to-one correspondence between the open unit interval (0,1) and R that takes
rationals to rationals and irrationals to irrationals.

Proof. We define the bijection f: (0,1) — R with

1—=z

L _92 ifl<z<i
z) = B = ’
fle) {2—; if0 << 3.

By virtue of subtraction and division being functions, we easily see that f must be a function
as we claimed. We now verify that it is injective, surjective, as well as maps rationals to
rationals and irrationals to irrationals.
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Injectivity:

Assume f(z) = f(a'). We first notice that both must be in either [1,1) or (0, ). Otherwise,
we can presume (without loss of generality) that £ <z < 1 and 0 < 2’ < 3, in which case

1 1
igx and x/<§
1 1
1—ax< = 2 < —
x_2 ag
1 1
0< -2 2—— <0.
1—2x ag’

Clearly, this would mean that f(z) # f(z'), contradicting our assumption that f(z) = f(z').
Hence, we only need to consider the two cases below:

! —2:;—2 or 2—122—l
1—z 1—2a x az’
1 1 1 1
-z 1—ga 2z
1-2'=1—2 =2

z =1
In any case, we see that x = 2’. Consequently, f is indeed injective.

Surjectivity:

Let y € R. Then, there are two scenarios possible — either y > 0 or y < 0. For the former,
observe that

y+22>2
1 1
> -
2= y+2
1 1
- > _Z
y+2 2
This means two things:
1 1 1
-———F<0 and 1—-—> -
y+2 y+2 2
1
1-——x<1
y+2

Since z—i;:l—y%,thus % < % < 1. And so;

+1y_[2(58) -]

/)
2y+1)—(y+2)
y+2)—w+1)

_2y+2-—y—2
Cy+2-—y-1
_Y

1
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Similarly for the latter, we find that 2 < 2 — y, telling us that

1 1
0<2— d — < =
< Y an 2y < B
1
0< —
2-y
Accordingly, we have that 0 < ﬁ < % Therefore,
1 1
()
2—y (L)
2—y
=2-(2-y)
= y.

Thence, irregardless of whether y > 0 or y < 0, there exists a = in (0, 1) such that y = f(z).
In other words, f is surjective.

Rationals To Rationals, Irrationals To Irrationals:

We claim that « € (0,1) is rational iff f(z) is. When % € (0,1) where p and ¢ are integers,
then

1 1
f@) =t em2 o f@)=2-
) g
q q
q—p p
_2p—q _2p—gq
q—p p
Either way, f(z) is rational, as desired. Conversely, suppose § € R for integers p and ¢q. It
follows that
P
(3+1)  p+q 1 q
= and = 0
(§+2) p+2q (2,§) 2—p

Both are easily seen to be rational. From the previous part we know that f maps these to
g. As a result, we have shown = € (0,1) is rational iff f(x) is. Correspondingly, z € (0,1) is
irrational iff f(x) is immediately holds. That is, f maps rationals to rationals and irrationals
to irrationals.

Wherefore, this function f: (0,1) — R is indeed the bijection we are looking for, with the
property that it maps rationals to rationals and irrationals to irrationals. O

Self-Proof of Corollary 6C. Let S be some finite set and S’ be a proper subset of S. It
follows from definition that there exists a bijection f: S — n for some natural n. Clearly,
ran(f [ S’) C n and S’ ~ ran(f [ S’). By the Pigeonhole Principle, n is not equinumerous
to ran(f [ S’) since ran(f [ S’) is a proper subset of n. Now utilising the contrapositive of
Theorem 6A (c), it must be that S % ran(f [ S”) because n = S by definition. Consequently,
using the same theorem a second time, we observe that as S” ~ ran(f [ S’), S % S’ is certainly
true. Hence, the finite set S is not equinumerous to any proper subset S’ of itself. O
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Self-Proof of Corollary 6D. (a) Taking the contrapositive of Corollary 6C, we clearly see
that for any set .S, if S is equinumerous to a proper subset of itself, then it is infinite.

(b) Let € be the set of even natural numbers. Then, we see that there exists the bijection

f:w — e defined by f(n) = 2n. When f(n) = f(n’), 2n = 2n/, and so, n = n’. Hence,

f is indeed injective. If 2n € € for some natural n, then immediately, f(n) = 2n. Which

means that f is surjective. Therefore, f bijects w into € as desired. Consequently, w is

equinumerous to . Wherefore, by part (a), since € is a proper subset of w yet w = ¢
still, w must be an infinite set.

O

1.5 Random Stuff

Self-Proof of Theorem 9T. Let S be a set of cardinality x whose members are sets X of
ordinals, so that (JS = A. Further suppose without loss of generality that each X € S is
nonempty and pairwise disjoint. By AC, there exists a well-order < on S. Now, define the
lexicographic well-order C on A by

ax C Py iff X <Y or (X:Y & Oéx€ﬂy).

We have the usual function F with domain X given by E(«) = E[seg«]. By the injectivity
of E;, A\ € E[)\] because A < E[A]. Furthermore since o € A, we know card(FE(a)) =
card(sega) < A. Thus, E(a) € X for every o« € A, so E[A] € A. As such, A = E[\].
Now define the function G: S — X by G(X) = Uy E[Y]. G(X) must never be A, lest
card(E[X] U Uy x E[Y]) = A. But since Uy yx E[Y] C A, card E[X] = card X = ), a
contradiction. Thence, G(X) € X for every X € S. We also see that G must be injective
because: If Y # X, we can say wlog that Y < X and that there is some a in X which isn’t in
Y. Accordingly, E(a) € G(X) but E(a) ¢ G(Y). Hence, G(Y) # G(X). Lastly, notice that
for any E(a), o € X for some X € S, s0 E(a) € G(X). Asaresult,supranG =ran £ = \. In
other words, sup G[S] is a set of ordinals G(X) less than A with supremum A and cardinality
card S = k. By the definition of cofinality, cf A is indeed the least such k. O
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