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Chapter 4

Determinants

§4.3 Properties of Determinants

4.3.1 Exercises

Note 4.1. How do we understand the adjugate matrix and the corresponding the-

orem, that

A—l

= Jot(ay 27

Explaination by Eric Tao.

Let A be an n x n matrix. The adjugate matrix adj(A) is the matrix that ‘does
cofactor expansion on A’. Notice that the cofactor expansion along any ith row is
a linear combination of {Cj; |1 < j < n}. So, by defining [adj(A)];; = Cj;, we have
that

det(4) 7?7 ... 7
7 det(A) ? ... 7
Aadj(4) = [ S
? ? 7 ... det(A)

By the exercise below, all our ‘7’s are just zero. Naturally, it follows that
Aadj(A) = det(A)I.

Exercise. Let A be an n X n matrix that has nonzero determinant. Explain why,

for i # 7,
Aj1Cin + Aj2Cia + - + AinCjp =0

Proof. This is the cofactor expansion along the ith row of the matrix 2/, obtained

from A, by replacing its ith row with its jth row. Since two rows are now equal,

the above cofactor expansion, i.e. det(/), is zero.
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Question from H&K a classmate asked me about.

Exercise. The result of Example 16 suggests that perhaps the matrix

1 1
L3 B
1 1 _1
A= 2 3 n+1
1 1 _1
n n+l °°° 2n+41

is invertible and A~! has integer entries. Can you prove that?

Exercise 25. Let c;, denote the cofactor of the row j, column £ entry of the matrix
A € My xn(F).
(a) Prove that if B is the matrix obtained from A by replacing column & by e;,
then det(B) = cjp.
(b) Show that for 1 < j < n, we have

Hint: Apply Cramer’s rule to Az = e;.
(c) Deduce that if C'is the n x n matrix such that Cj; = ¢;;, then

AC = [det(A)]I.

(d) Show that if det(A) # 0, then A~! = [det(A)]~1C.

Proof.

(a) The cofactor expansion of B along the kth column is just
(—1)7 "k det(Bj1,) = (—1)7"* det(A;1,) = ¢jp.

(b) Suppose det(A) # 0. By Cramer’s rule and (a), we have that the kth coor-

dinate of z is
= det(B) _ Cjk
M7 det(A)  det(A)
If det(A) = 0, then note that the multiplication of the ith row of A with

(¢j1 ¢j2 ... ¢jn)tis the determinant of the matrix A" whose ith and jth rows

are both identical to the ith row of A. This must evaluate to zero.
Parts (c¢) and (d) follow easily from (b).
An alternate way to prove this result is presented in Note 4.1 and the associated

exercise. t‘.‘ﬁ

=rd




CHAPTER 4. DETERMINANTS

Exercise 28. Let y1, 92, ..., ¥yn be linearly independent functions in C'°°. For each
y € C*°, define T'(y) € C* by

y®) () () Ynlt)
T()](E) = det yt)  yi(t) oyt Yn(t
y™ @) o) ) ) (#)

The preceding determinant is called the Wronskian of y, 41, ..., Y.
(a) Prove that T': C°° — C*° is a linear transformation.
(b) Prove that N(T') contains span({y1,y2,...,Yn})-

Proof.

(a) Recall that (ay 4+ 2)®(t) = ay®(t) + 2 (t) for any scalar a € C, and
functions y, z € C*°. Furthermore, the determinant is a m-linear function.
These facts suffice to show T'(ay + z) = aT'(y) + T'(2).

(b) For any y;, notice that T'(y;) has two identical columns, and hence must be

zero. In other words, {y1,y2,...,yn} C N(T).

O~
&
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Chapter 5

Diagonalization

§5.1 Eigenvalues and Eigenvectors

5.1.1 Theorems

Theorem 5.2. Let A € M;,,,(F). Then, a scalar A is an eigenvalue of A if and only
if det(A — AI,,) = 0.

Proof. If X is an eigenvalue of A, then Az = Az for sone nonzero xz € F". So,
(A — A,)z = 0. Hence, det(A — AI,,) = 0.
Conversely, when det(A — AI,) = 0, there exists nonzero x € F" for which (

Al,)x = 0. Since Az = Az, A is indeed an eigenvalue.

Lemma. Let B be an n X n matrix whose entries are all constants, except for the
first m < n diagonal entries, each of which is some degree 1 polynomial ¢—t. Then,

det(B) is of degree m.

Proof. When n = 1, the result is trivial. So, assume it is also true of n = k, and
consider n = k 4+ 1. We do cofactor expansion on the first row. For each /le,
we can rearrange the rows and columns to obtain a matrix such that all m — 1
or m — 2 entries of degree 1 are in the first m — 1 or m — 2 diagonal entries. By
assumption, every det(ﬁlj) must now be of degree m —1 (e.g. for j = 1) or m — 2.

|vv‘

Hence, det(A) is of degree m. k3]

Theorem 5.3. (Exercise 24) Let A € My, xn(F).
(a) The characteristic polynomial of A is a polynomial of degree n with leading
coefficient (—1)".

(b) A has at most n distinct eigenvalues.

Proof.
(a) The case of n = 1 is again apparent. Therefore, we suppose this is true for
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n = k, and consider n = k+1. As such, A isa degree n—1 polynomial with
leading coefficient (—1)"~!. Furthermore the preceding lemma says det(ﬁlj)
is of degree n — 2, for all j # 1. Hence, cofactor expansion on the first row
shows that det(A) has degree n and leading coefficient (—1)".

(b) This is now clear, from theorem 5.2 and the fact that degree n polynomials

have at most n roots.

e
5
r=ed

Question. Why should any m x m matrix A have at most m distinct eigenvalues?
Is it due to the following conjecture?

Eigenvectors corresponding to different eigenvalues are linearly independent.

Proof. Let {\n} be the set of all distinct eigenvalues of A. For each «, let v, be
an eigenvector corresponding to A,. When n = 1, it is clear that {v;} is linearly

independent. Now assume {v1,va,...,v,} is linearly independent. Then, suppose

n
Up+1 = § a;v;.
i=1

for contradiction that

Then,

Zai(/\nﬂ — )\i)vi =0.
1=1

By assumption, A,+1 = A; for all 1 <7 < n. A contradiction; linear independence
holds.
Therefore, {\,} contains at most m members because of the linear independence

of eigenvectors corresponding to different eigenvalues. o]

=rd

Theorem 5.4. (Exercise 6) Let T be a linear operator on a vector space V, and let
A be an eigenvalue of T'. A vector v € V is an eigenvector of T corresponding to A
if and only if v # 0 and v € N(T — AI).

Proof. First assume v € V is an eigenvector (corresponding to A). Then, v # 0

and

([T]g = AD)[v]p = [(T' = AT)(v)]g = 0.
Since the map u ? [u]g is an isomorphism, (7" — Al)v = 0. e o]
Question. Let V be a vector space of dimension at least 2 and {vy,v2,...,v,} be

a basis for V. Then, is the linear operator T' defined by T'(v;) = wv;11 (where

n +m :=m) an linear transformation without any eigenvectors?

Proof. Notice that T has characteristic polynomial (—¢)". So, A = 0 is the only
possible eigenvalue. But N(7T") = {0} implies there are no eigenvectors associated
with A = 0. .o}

=X
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5.1.2

(a)

Exercises

Exercise 1. Label the following statements as true or false.

Every linear operator on an n-dimensional vector space has n distinct eigen-
values.

If a real matrix has one eigenvector, then it has an infinite number of eigen-
vectors.

There exists a square matrix with no eigenvectors.

Eigenvalues must be nonzero scalars

Any two eigenvalues are linearly independent.

The sum of two eigenvalues of a linear operator T is also an eigenvalue of T'.
Linear operators on infinite-dimensional vectors spaces never have eigenval-
ues.

An n x n matrix A with entries from a field [F is similar to a diagonal matrix
if and only if there is a basis for F” consisting of eigenvectors of A.

Similar matrices always have the same eigenvalues.

Similar matrices always have the same eigenvectors.

The sum of two eigenvectors of an operator 7" is always an eigenvector of 1" .

Proof.

False; rotation in R? has no eigenvalues as seen in page 256. An even sim-
pler example is the zero transformation, which only has a single eigenvalue,
namely zero.
True. Let v be an eigenvector of A, and A the corresponding eigenvalue.
Then, for all ¢ € R, A(cv) = chv = A(ew).
True; rotation in R? has no eigenvectors as seen in page 256.
False, for consider the zero transformation 7y: R — R. Then, 1 is an eigen-
vector with the corresponding eigenvalue 0, since 7(1) =0 - 1.
True.
False; consider the identity matrix.
False. In fact, the zero transformation in any infinite dimensional vector
space (e.g. P(IF)) has the eigenvalue 0.
True. Assume A = Q' BQ for some diagonal matrix B and invertible matrix
(. Notice each e; is an eigenvector of B corresponding to the eigenvalue B;;.
Hence, every Q@ le; is an eigenvector of A (corresponding to the eigenvalue
Bi;), for

AQ ") = (@' BQ)(Q ') = AQ ).

Our answer to a previous question says {Q e; |1 <i < n} is a basis.
Conversely, suppose there exists a basis 8 = {vy,v2,...,v,} consisting of

eigenvectors of A. It follows that

A=Q7'A]sQ,
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for the diagonal matrix [A]g and the change of coordinate matrix @) that
changes coordinates in the standard ordered basis to S-coordinates.

(i) True, see exercise 13.

(j) False, as shown in (h): Consider any matrices such that A = Q~'BQ. So, v
is an eigenvector of B iff Q~!v is an eigenvector of A.

A specific example. We have the similar matrices

-1

0 -1 -1 1 1 1 0 0 11
0O 0 —-1|=1]011 1 1 0 01 1
1 2 3 0 0 1 1 1 1 01
Notice that
1 00 0 0 -1 -1 0 —1
1 1 0 0] = but 0O 0 -1 0]l =1-1
1 1 1 1 1 2 3 1 3

(k) False; consider the operator T' on Rg given by T'(e;) = ie;. Then, T'(e;+eq2) =

(1,2) is not an eigenvector of T'.

2
&
/‘...lt‘

Exercise 3. For each of the following linear operators T' on a vector space V and
ordered bases (3, compute [T|g and determine whether 5 is a basis consisting of

eigenvectors of T

a 3a+2b— 2¢ 0 1
() V=R T|b|=|-4a-3b+2c|,andB=<¢|1],|-1],
c —c 1 0 2

(e) V= P3(R)7
T(a+bx + cx® + dz3) = —d + (—c +d)x + (a + b — 2¢)z° + (—b + c — 3d)z3,

and 8 ={1,1+2% z+22, 1 -2+ 3}

Proof.
(¢) v Notice that

0 0 1 1 1 1
T|11|=—-1|1]1, Tl-1]=|-11{, and T10|l=—-1{0
1 1 0 0 2 2
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(e) x Similarly, we see that
e T(1) = -1+ (1 +z?),
e T(1+2%)=—-(1+2%) +(1—z+2?),
o T(x+x?) = —(x + z2),
e T(l—z+23)=(1+2%) - (z+2%) —2(1 —z +23).

Therefore, £ is not a basis consisting of eigenvectors of T, as

Careless mistake: T(1 —x +23) = —(1 — 2 4+ 2%). Other than that, the rest of the
answer is fine! o 3]
Exercise 4. For each of the following matrices A € M,,x,,(F),

(i) Determine all the eigenvalues of A.

(ii) For each eigenvalue X of A, find the set of eigenvectors corresponding to A.
(iii) If possible, find a basis for F™ consisting of eigenvectors of A.
)

(iv) If successful in finding such a basis, determine an invertible matrix @ and a
diagonal matrix D such that Q~1AQ = D.

(a) A= (; Z) for F =R.

Proof.
(a) v We compute that the characteristic polynomial of A is (¢t + 1)(¢t — 4). So,

the eigenvalues of A are —1 and 4, with corresponding eigenspaces

O e L

Thus, a basis for F” is clearly

Now, we have that

ze:

|

&)
Il
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Exercise 5. For each linear operator T on V, find the eigenvalues of T" and an

ordered basis § for V such that [T is a diagonal matrix.

(i) V = Maxa(R) and T (Z Z) - <Z Z)
(j) V =Max2(R) and T(A) = A+ 2 tr(A) - L.

Proof.
(i) v Let the basis v := {E', E?! E'2 E?2}. So,

0100
100 0

T =

Tl 000 1
0010

Accordingly, we compute the characteristic polynomial to be (¢ —1)%(t +1)2.

i.e. the eigenvalues are 1 and —1. Now, we notice that
1. [T],y(1 10 O>t=<1 10 o)t,

2. [T}, (o 0 1 1)t:(o 0 1 1)t,

3. [T}, (1 10 o)t:—<1 10 o)t,

4. [T

7(0 0 1 —1)t:—(0 0 1 _1)t.

Therefore, we obtain the basis

B — {Ell +E21,E12 —|—E22,E11 _ E21,E12 _ EQQ},

such that
1 0 O 0
0 1 0
T =
Ts=10 0 21 o
00 0 -1
is a diagonal matrix.
(j) v Similarly, we first notice
3 0 0 2
0 0 1 0
Tla =
Tle=1o 1 0 0
2 0 0 3

Again, we compute the characteristic polynomial. This time it is (¢ — 5) (¢t —

1)2(t 4+ 1). i.e. the eigenvalues are 5, 1, and —1. Furthermore,

L T]5 (1 0 0 1)t:5(1 0 0 1)t,

2 M5 (1 0 0 —1>t:(1 0 0 —1)t,
3. 1T)s (0 1 1 o)tz(o 11 o)t,




CHAPTER 5. DIAGONALIZATION

t t
4. [T]ﬁ(o 1 -1 0) :—(0 1 -1 0) .
As such, we have the basis

o= {Ell + E22,E11 . E22,E21 +E12,E21 _ E12}.

Indeed, the matrix representation of 71" in the basis « is diagonal. In fact,

5 0 0 0

01 0 O
[T]a =

0 01 O

0 0 0 -1

ECRY

o<
B o

Exercise 9.
(a) Prove that a linear operator T on a finite dimensional vector space is invertible
if and only if zero is not an eigenvalue of T
(b) Let T be an invertible linear operator. Prove that a scalar A is an eigenvalue
of T if and only if A~! is an eigenvalue of 771,

(c) State and prove results analogous to (a) and (b) for matrices.

Proof.
(a) Notice that T is invertible iff nullity(7") = 0 iff zero is not an eigenvalue of
T.
(b) A scalar ) is an eigenvalue of T iff T'(u) = Au for some vector u iff T~ (u) =
A"ty iff A7!is an eigenvalue of 71,

(c) This translates easily for any matrix A by taking T'= L 4.

7
&
/‘...lt‘

Exercise 10. Prove that the eigenvalues of an upper triangular matrix M are the

diagonal entries of M.

Proof. The characteristic polynomial of the n x n upper triangular matrix, M, is
(A1 —t)(Aoa —t) ... (Apn —t). Tts roots, i.e. the eigenvalues of M, are hence the
diagonal entries of M. o]

=rd

Exercise 12. A scalar matrix is a square matrix of the form AI for some scalar A;
that is, a scalar matrix is a diagonal matrix in which all the diagonal entries are
equal.

(a) Prove that if a square matrix A is similar to a matrix A\I, then A = AI.

(b) Show that a diagonalizable matrix having only one eigenvalue is a scalar

matrix.

11
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11
(c¢) Prove that <0 1) is not diagonalizable.

Proof. (a) Let A be similar to AI. Then for some invertible matrix @,
A=Q'(\NQ = AL

(b) Suppose A is diagonalizable with only one eigenvalue, A. Let the standard
ordered basis be 8. Then, [La]ly, = AI for some basis v. Clearly, [Lal, is
similar to A = [La]s. Therefore, A = AI by (a).

(c) Its characteristic polynomial has exactly one root, 1. So from (b), since it is

not a scalar matrix, it can’t be diagonalizable.

Exercise 13.
(a) Prove that similar matrices have the same characteristic polynomial.
(b) Show that the definition of the characteristic polynomial of a linear operator
on a finite-dimensional vector space V is independent of the choice of basis
for V.

Proof.
(a) Let A and @ be n x n matrices, such that @ is invertible. Then,

det(Q7TAQ — tI,,) = det(Q ') det(A — tI,,) det(Q) = det(A — tI,,).

Hence, the characteristic polynomials of Q' AQ and A are identical.
(b) Let T: V. — V be a linear transformation, and @ be the change of coordinate
matrix that changes f-coordinates into y-coordinates, i.e. [Iv]g. Then, [T

is similar to [T}, because
[T],B = Q_l[T]'yQ-
By (a), their characteristic polynomials are identical.

7
k4]
/‘._.lt‘

Exercise 15. For any square matrix A, prove that A and A* have the same char-
acteristic polynomial (and hence the same eigenvalues). Visit goo.gl/7Qss2u for a

solution.

Proof. The characteristic polynomials of A and A? are identical, since

det(A —tI) = det(A — tI)" = det(A" — tI).

zed

|

&)
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Exercise 16.
(a) Let T be a linear operator on a vector space V', and let x be an eigenvector of
T corresponding to the eigenvalue A. For any positive integer m, prove that
x is an eigenvector of T™ corresponding to the eigenvalue \".

(b) State and prove the analogous result for matrices.

Proof.
(a) Notice that T™(z) = XT™ Y(z) = --- = \T(x).
(b) Let A be an n x n matrix with Az = Az. Then, for any positive integer m,
we have A™x = MA™ g = ... = \™z.

-
5
/‘._.lt‘

Exercise 17. Let T be a linear operator on a finite-dimensional vector space V', and
¢ be any scalar.
(a) Determine the relationship between the eigenvectors of T' (if any) and the
eigenvalues and eigenvectors of U =T — ¢l.
Justify your answers.

(b) Prove that T' is diagonalizable if and only if U is diagonalizable.

Proof.
(a) Notice that U(x) = Az iff T'(z) = (c+ A\)z. Hence, the eigenvectors of U and
T are identical. But, the corresponding eigenvalues differ by the scalar c.

(b) Follows immediately from (a) (using theorem 5.1).

Exercise 18. Let T be the linear operator on M, (R) defined by T'(A4) = A'.
(a) Show that +1 are the only eigenvalues of T'.
(b) Describe the eigenvectors corresponding to each eigenvalue of T'.
(c) Find an ordered basis § for May2(R) such that [T]3 is a diagonal matrix.
(d) Find an ordered basis 3 for M;,x»(R) such that [T is a diagonal matrix for

n > 2.
Proof.
(a) We notice that T(A) = MA iff A = MA. Let J € My,x,(R) be zero everywhere
except Jia = —1 and Jo; = —1. It is clear that 1 are eigenvalues of T' (when

n > 2), since
T(I)=1 and T(J)=-J

Now consider an eigenvector A of T' corresponding to the eigenvalue A, that is
nonzero in some (i, j)th entry. Then, A = T?(A) = A2 A implies (1-A\?)A4;; =
0. Indeed, A must be =£1.

(b) The eigenvectors corresponding to the eigenvalues +1 are symmetric and

skew-symmetric, respectively.
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g 1 0 00 11 0 1
“J\o o) '\o 1)°\1 1)\ =1 o) ("
Notice that
11 10 0 0 0 1 _, 0 1
11 0 0 0 1 -1 0/ “\o o)’
and similarly,
0 1 0 1\ (o0 o0
0 0 -1 0 1 0/

It is clear that 3 is a basis for V. Moreover, [T is the diagonal matrix

(c) Consider

100 O
010 O
001 O
00 0 -1

This is because

10 10 00 0 0

1. T = 5 2 T = .
00 00 0 1 0 1
11 11 1 1

Sy - : s 7(° _ (0 :
11 11 -1 0 -1 0

(d) Consider the n x n matrices AY and B%, which are zero everywhere except

for AZ =1 and A;JZ = —1; as well as BZ = Bﬁ = 1. Then the set of all such

matrices, namely
B={AY|1<i<j<n}U{BY[1<i<j<n},

is a basis of purely eigenvectors for M, x,(R).

Notice that E¥ = B%. FEven if i < j, we see that AY + B¥ = 2E¥ and
—AY 4 BY = 2F7%. Since 3 contains all E¥ and has n? members, it indeed
is a basis for M, x,(R).

Furthermore,
T(AY)=—-A%  and  T(BY)= BY.

So (3 contains only eigenvectors, as claimed. i.e. [T]g is diagonal.

B

7%
B oS

Exercise 19. Let A, B € M,,»x»(C).
(a) Prove that if B is invertible, then there exists a scalar ¢ € C such that A+cB
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is not invertible.
(b) Find nonzero 2 x 2 matrices A and B such that both A and A + ¢B are
invertible for all ¢ € C.

Proof.
(a) By the fundamental theorem of algebra, there exists —c¢ € C for which
det(AB~! + cI) = 0. Hence, det(A + ¢B) = 0 as det(B) # 0.
(b) Let A=B=1. Then, Al =T and (A+cB) ' = (c+1)7'I.

Exercise 20. Let A be an n X n matrix with characteristic polynomial
f) = (=1D)™" + ap_1t"" 1 4+ - + ast + ao.

Prove that f(0) = ap = det(A). Deduce that A is invertible if and only if ag # 0.

Proof. Notice that ap = f(0) = det(A — 0-1) = det(A) as claimed. So, A is
invertible (iff det(A) # 0) iff ag # 0. F:@Ef
Exercise 22.
(a) Let T be a linear operator on a vector space V over the field IF, and let g(t)
be a polynomial with coefficients from F. Prove that z is an eigenvector of
T with corresponding eigenvalue A, then ¢g(7T")(z) = g(A)x. That is, z is an
eigenvector of g(T') with corresponding eigenvalue g(\).
(b) State and prove a comparable result for matrices.
(c) Verify (b) for the matrix A in Exercise 4(a) with polynomial g(t) = 2t> —¢+1,

eigenvector z = (2,3)!, and corresponding eigenvalue \ = 4.

Proof.
(a) Let g(t) = > ,a;t". Then, we see that

9(T)(x) = ZaiTi(ac) = Z ai)z = g(\)z.
1=0 1=0

(b) Indeed, z is an eigenvector of A with corresponding eigenvalue A = 4, because

w()0)

Furthermore, (b) holds as expected, for

(-3 9B )
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Exercise 23. Use Exercise 22 to prove that if f(¢) is the characteristic polynomial of
a diagonalizable linear operator T', then f(T") = Tj, the zero operator. (In section

5.4 we prove that this result does not depend on the diagonalizability of T'.)

Proof. Let f(t) be a characteristic polynomial of a diagonalizable linear operator
T. Then, there are eigenvectors v; with corresponding eigenvalues \; that form a
basis == {v1,v2,...,v,}, for which [T is diagonal. Since f(T)(v;) = 0 for each
i, we have f(T) = Tp. e o]

Exercise 25. Determine the number of distinct characteristic polynomials of matri-
ces in Mayo(Za).

Proof. x There are six distinct polynomials, since there are six diagonal entries.

Let e, f € Zo. We see that the characteristic polynomials of

0 e 1 e 1 e
(2 <f 0>, () <f 0>, © (f 1>,
are, respectively,
(@)t?ort?—1, (b)t{t—1ortt—1)—1, (c) (1—t)?or (1 -t)2—1.

The above is wrong. We see that there are only four such polynomials, because
(1-t)2—1=t>—1and (1—-t)2-1=1#2—2t =12 ¥

=g

§5.2 Diagonalizability
5.2.1 Theorems

Theorem 5.6. The characteristic polynomial of any diagonalizable linear operator

on a vector space V over a field F splits over F.

Proof. Let T be a diagonalizable linear operator on an n-dimensional vector space
V. Then, there is a basis § for which A = [T']g is diagonal. As such, the charac-

teristic polynomial of T is just

(=1)"(t — A11)(t — Aza) ... (t — Any).

Lemma. For any A be an n X n matrix whose first ¢ < n diagonal entries are A\, we

have that (A — ¢)™ is a factor of the characteristic polynomial of A.

Proof. This is trivial for n = 1. So suppose it is true for n = k and consider
n =k + 1. For each (A — tI)lj with 7 > 1, shift the rows below the jth row up
by one (and the jth row to the nth row). Now, the first i« — 1 diagonal entries are

A —t. As such, every (A —t)""! is a factor of each c¢1;. Hence it is also a factor of

the characteristic polynomial of A. le.s]

=rd
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Theorem 5.7. Let T be a linear operator on a finite-dimensional vector space V/,

and let A be an eigenvalue of T' having multiplicity m. Then, 1 < dim(E)) < m.

Proof. Let n := dim(V), 8 = {vi,va,...,v;} be a basis for F), and v =

{v1,v9,...,v,} be an extension of 3 to a basis for V. By the above lemma, (A —t)°
is a factor of characteristic polynomial of [T7],. .53

=4

Theorem 5.8. Let T be a linear operator on a finite-dimensional vector space such

that the characteristic polynomial splits. Let A1, Ao, ..., A\x be the distinct eigen-
values of T'. Then,

(a) T is diagonalizable if and only if the multiplicity of \; is equal to dim(E},)
for all 4.
(b) If T is diagonalizable and 3; is an ordered basis for E), for each ¢, then

B8 =p1UpPyU---U LB is an ordered basis for V' consisting of eigenvectors of
T.

Proof. Let my, be the multiplicity of \, and assume T is diagonalizable. So [Tz is

diagonal for some basis
B=A{vep |1 <a<k 1<b<m}.

Suppose that for some T'(z) = \jz and scalars ¢,p, we have
xr = Z CabUgb-
a,b

By theorem 5.5, x = Y, cipvip. That is, {vip |1 < b < m;} spans Ey,. By theorem
5.7, m; = dim(E},).
Conversely, consider when dim(E),) = my for all b. Since the characteristic poly-

nomial of T splits, > m; = dim(V'). Furthermore, there is a basis 3, for each E},.

Thus by theorem 5.5, 5 must be a basis for V' for which [T is diagonal. @3
Theorem 5.9. Let Wy, W, ..., Wi be subspaces of a finite-dimensional vector space

V. The following conditions are equivalent.

(@) V=WeoWr&®-- & W,

(b) V= Zle W; and, for any vectors vy, va, . .., vg such that v; € W; (1 <i < k),
if v1 +wvo + -+ v =0, then v; = 0 for all .

(c) Each vector v € V' can be uniquely written as v = v; + va + -+ - + vg, where
v; € Wi.

(d) If ; is an ordered basis for W; (1 < i < k), then 3 U~y U- - U~y is an ordered
basis for V.

(e) For each ¢ = 1,2,... k, there exists an ordered basis ~; for W; such that
Y1 Uy U...v is an ordered basis for V.

17
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Proof.

e Assume (b) does not hold, i.e. there exists k nonzero vectors v; € W; for
which v; + vo + -+ + v = 0. Then, vy € Wy + W3 + - -+ + Wy. Thus (a) is
false.

e Now suppose (b) holds and
v1+ve+-o v =urHug+ -+ Uk

for some v;, u; € W;. Therefore, u; —v; = 0 for all i. Accordingly, (¢) holds.
e Consider when (c) holds and let v; be an ordered basis for W;. To avoid a
contradiction with the uniqueness asserted by (c), linear independence of ~y
must hold. Clearly, (d) is true.
e Presume (d) is valid. It is a straightforward task to find ordered bases for
Wi. So, (e) follows from (d).
(Either use the result that every vectors space has a basis. Or, if we desire
a Choiceless proof, for each ¢ we pick u; € W; — span{ui,us,...,uj_1}.
This procedure must terminate at j = n = dim(W;). Then, we take v; =
{ur,ug, ..., un}t.)

e Finally, when (e) is true, (a) follows trivially.

D7
x
/‘._.lt‘

Theorem 5.10. A linear operator T on a finite-dimensional vector space V is diag-

onalizable if and only if V is the direct sum of the eigenspaces of T’

Proof. If T is diagonalizable, theorem 5.8 tells us the sum of all eigenspaces is V.
Moreover, theorem 5.5 guarantees condition (b) of the preceding theorem.

Conversely, consider when V' is the direct sum of the eigenspaces of T'. Hence the
sum of the dimensions of all eigenspaces must be dim(V'). From theorem 5.7, we
deduce that the dimension of each eigenspace is identical to the multiplicity of the

'j'v‘

corresponding eigenvalue. lo.¢]
=4

5.2.2 Exercises

Exercise 1. Label the following statements as true or false.

(a) Any linear operator on an n-dimensional vector space that has fewer than n
distinct eigenvalues is not diagonalizable.

(b) Two distinct eigenvectors corresponding to the same eigenvalue are always
linearly dependent.

(c) If X\ is an eigenvalue of a linear operator 7', then each vector in E) is an
eigenvector of T'.

(d) If Ay and Ag are distinct eigenvalues of linear operator T', then Ey, NE), = {0}.

(e) Let A € Myxn(F) and 5 = {v1,v2,...,v,} be an ordered basis for F" con-

sisting of eigenvectors of A. If @ is the n X n matrix whose jth column is v;

18
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(1 <j <n), then Q 1AQ is a diagonal matrix.

(f) A linear operator 7' on a finite-dimensional vector space is diagonalizable if
and only if the multiplicity of each eigenvalue A equals the dimension of E).

(g) Every diagonalizable linear operator on a nonzero vector space has at least
one eigenvalue.
The following two items relate to the optional subsection on direct sums

(h) If a vector space is the direct sum of subspaces Wy, W, ..., Wy, then W; N
W; = {0} for i # j.

(i) If

V=)W, and WinW;={0} fori#j,

then V=W, & W @ --- © W;.

Proof.

(a) True; this is the contrapositive of theorem 5.6.

(b) False. This is true iff the dimension of the eigenspace corresponding to that

eigenvalue is one.

(¢) True by definition.

(d) True from theorem 5.10.

(e) True. In this case, @ = [I]§ where « is the standard ordered basis of F". So,
[Lals = Q7 LAQ is a diagonal matrix.
True, see theorem 5.8.
True, by definition.
True, follows trivially from definition.
False. Consider the vector space R and the subspaces W; = span{(0,0,1)},
Wy = span{(1,0,0)}, W3 = span{(1,1,0)}, and Wy = span{(1,1,1)}. Then,
V =Wi 4+ Wy + W3 + Wy and pairwise disjointness must hold for the W;’s.
But the sum of the dimensions of the W;’s is 4 > 3 = dim(RR?).
Alternatively, notice (1,1,1) — (1,1,0) = (0,0,1) € Wy N (Wy + W5 + Wy).

1 4
AES eM R),
(2 3) 2><2( )

find an expression for A™, where n is an arbitrary positive integer.

—~
—

Exercise 7. For

Proof. Computing the characteristic polynomial of A gives (t + 1)(t — 4). Notice
that A(=2 1)t = —(=2 1)! and A(1 1)* =5(1 1)%. Hence, 8 := {(—2 1)}, (1 1)} is

a basis for R%. As such,

g 1 e e [

19
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Therefore,

=gl T )G o
3\ 1 1 0 5" 1 2
2(—1)" 4+ 57 —2(—1)" 4 2(57)
—(-1)" 45" (=1)"+2(5") [

W =

-
%
"...lt‘

Exercise 9. Let T be a linear operator on a finite-dimensional vector space V', and
suppose there exists an ordered basis § for V' such that [T is an upper triangular
matrix.

(a) Prove that the characteristic polynomial for T splits.

(b) State and prove an analogous result for matrices.

The converse of (a) is treated in exercise 12(b).

Proof. Notice that the characteristic polynomial of A is
(B11 —t)(Bag —t)...(Bpn — t),

for some upper triangular matrix B which is similar to A. m

=rd

Exercise 11. Let A be an n x n matrix that is similar to an upper triangular matrix
and has the distinct eigenvalues Aj, Ao, ..., \p with corresponding multiplicities
mi,ma, ..., mg. Prove the following statements.

(a) tr(A) = Yo, miki

(b) det(A) = (A1) (A2)™2 ... (Ap)™".

Proof. This is clear from A being upper triangularizable.

Exercise 12.

(a) Prove that if A € M, «,(F) and the characteristic polynomial of A splits,
then A is similar to an upper triangular matrix. (This proves the converse of
exercise 9(b).)

(b) Prove the converse of exercise 9(a).

Visit https://goo.gl/gJSjRU for a solution.

Proof.

(a) We claim that, for each 0 < m < n, there is a basis

B ={v1,v2,...,UmyEm+tl, €mt2,---,€n}

such that ([Lalg),; =0, for 1 <7 < j <m.

The case that m = 1 is clear. So, suppose this is true for m and consider


https://media.pearsoncmg.com/aw/aw_friedberg_linearalgebra_5e/solutions/sec_5_2.html
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m + 1.

Question. Are there upper triangular matrices that are non-diagonalizable?

15
Proof. Yes, consider the upper triangular matrix <0 1) . Its only eigenvalue is 1

0 5 —
and the corresponding eigenspace is of dimension 1, as (0 0) is of rank 1. m

Question. Is an upper triangular matrix A € M, (F) always similar to a lower

triangular matrix?

Proof. Yes; for the ordered bases 5 = {e1,e2,...,e,} and v = {ep, €n—1,...,€1},

we have the lower triangular matrix
[Laly = [TI3AIS

whose ith column is (Ap nt1—i An—1n+1—i - A1 nt1-i)

Question. Is an upper triangular matrix A € M,,x,,(F) always similar to its trans-

pose?

Question. Let A € M,,x,(F) and the linear operator G: M, xn(F) = M, xn(F) be
bijective. Is A always similar to G(A)? What if we remove the condition that G is

linear?
Question. Let A € M,,xn(F). Is cA similar to it for each scalar ¢ € F?

Exercise 13. Let T be an invertible linear operator on a finite-dimensional vector
space V.

(a) Recall that for any eigenvalue A of T, A=! is an eigenvalue of T~! (exercise
9 of section 5.1). Prove that the eigenspace of T' corresponding to A is the
same as the eigenspace of T~! corresponding to A71.

(b) Prove that if T is diagonalizable, then T~! is diagonalizable.

Proof.
(a) It was shown in exercise 9 (of section 5.1), that u € V' is an eigenvalue of T’
iff it is an eigenvalue of T—!. Thus, the desired result follows trivially.

(b) This is immediate from (a).

Re

FeS
B o
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Exercise 14. Let A € M,,x,(F). Recall from exercise 15 of section 5.1 that A and
A! have the same characteristic polynomial and hence share the same eigenvalues
with the same multiplicities. For any eigenvalue A of A and A’, let E\ and E}
denote the corresponding eigenspaces for A and A?, respectively.

(a) Show by way of example that for a given common eigenvalue, these two

eigenspaces need not be the same.
(b) Prove that for any eigenvalue A, dim(E)) = dim(EY).
(c) Prove that if A is diagonalizable, then A’ is also diagonalizable.

Proof.
(a) Consider the field R, and the matrix

A:(g ;).
CO)ler).
)b}

(b) This is immediate from rank(A — AI) = rank(A4 — X\I)! = rank(A’ — \I).

(c) This is trivial since we know (b) is true.

The eigenspace for A is

while for A, it is

Exercise 16. Let

ail a2 ... Qip

a1 agy ... QA2n
A=

an1 AQQp2 ... Qpn

be the coefficient matrix of the system of differential equations

/
T] = 61171 + @122 + - - + A1py

/
Ty = G211 + A22%2 + - - - + A2,y

/
T, = Ap1x1 + @p2ZT2 + - + GppTy

Suppose that A diagonalizable and that the distinct eigenvalues of A are
A1, A9, ..., Ag. Prove that a differentiable function x: R — R™ is a solution to

the system if and only if z is of the form

x(t) = Mz 4 Mg + oo+ My,
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where z; € E, for i = 1,2,...,k. Use this result to prove that the set of solutions

to the system is an n-dimensional real vector space.

Proof. Let 8 be the standard ordered basis and ~ a basis of eigenvectors

V1,02, -+ Umys Umy+1y- -5 Un-

Thus, for Q = [I]g, we have D := Q 'AQ. By exercise 17, the system Az = a2’
is equivalent to D(Q~'z) = (Q~'x)". Accordingly, let Q7 'z = (y1 y2 ... yn)! s0

y; = c;e™t. Therefore, for any scalars ¢; € C,

n
z(t) = Z cietity;
i=1

is a solution.

(It is clear that the solution space is R". Furthermore, the z;’s can obviously be
mjp1—1

obtained by taking z; = Zi:mj CiV;.)

Exercise 17. Let C' € M;;,xn(R), and let Y be an n x p matrix of all differentiable
functions. Prove (CY)" = CY’, where (Y’);; = Y}, for all 4, j.

Proof. This is clear by basic rules of differentiation, since

(CY))i; = (Z Cz‘k%’) = CuYl; =C(Y)y = (C(Y"));;.
k=1

k=1

ECRY

o<
B o

Exercise 19.
(a) Prove that if T and U are simultaneously diagonalizable operators, then T
and U commute (i.e., TU = UT).
(b) Show that if A and B are simultaneously diagonalizable matrices, then A and
B commute.

The converses of (a) and (b) are established in exercise 25 of section 5.4.

Proof. Let 3 be a basis for V, such that A := [T]3 and B := [U]s are diagonal.
Notice that

(AB)ii = ([TU]p);; = AiiBii = BiiAii = ([UT]p);; = (BA)ii.
Since AB and BA are zero everywhere else, AB = BA. Recall that
H= ¢El © Lim, © dp,

for any linear transformation H: V — V. As such, TU = UT.

[.'a
ECRY

O

23
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Exercise 20. Let T be a diagonalizable linear operator on a finite-dimensional vector

space, and let m be any positive integer. Prove that T" and T™ are simultaneously
diagonalizable.

Proof. Let D, A, and @ be matrices such that D is diagonal and

D =Q 1AQ.

Therefore,

A" =QD"Q .

It is thus apparent that T is also diagonalizable.

ECRY

> e
I |
R

®

§5.4 Invariant Subspaces and The
Cayley-Hamilton-Frobenius Theorem

5.4.1 Theorems

Theorem 5.20. Let T be a linear operator on a finite-dimensional vector space V,
and let W be a T-invariant subspace of V. Then, the characteristic polynomial of
Ty divides the characteristic polynomial of 7.

Hint. Block matrices.

Proof. Let 5 := {v1,v2,...,v,} be a basis for W, and v = {vy,vs,...,vy} an

extension of § to a basis for V. Further define the n x (m — n) matrix A and

(m —n) x (m — n) matrix B by A;; = ([T]W)Z.’nﬂ and Bjj = ([T]V)nﬁ’nﬂ.. We
see that
T A T —tl, A
[T, — tl, = Twls i, = TWle :
O B O B—tly_pn

So, the characteristic polynomial of T is
det ([Tw])pg — t1,) det(B — tIn—p).

(exercise 21 of section 4.3)

Theorem 5.21. Let T be a linear operator on a finite-dimensional vector space V/,
and let W denote the T-cyclic subspace of V' generated by a nonzero v € V. Let
k = dim(W). Then
(a) {v,T(v),T*(v),...,T* 1 (v)} is a basis for W.
(b) If apv + a1T(v) + --- + ax_1T* 1 (v) + T*(v) = 0, then the characteristic
polynomial of Ty is f(t) = (=1)* (ap + a1t + - -+ + ap_1tF =1 + ¢F).
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Proof.
(a) Let n be the least natural number, such that 7" (v) is a linear combination
of B:={v,T(v), T*(v),...,T" (v)}. Clearly, 3 is a basis for W, so k = n.

(b) We see that
(00 - 0] —ap

Tiv) o
W pu—
’ I
—0g—1
So, for each 0 < n < k, let the n X n matrix
-t 0 0 --- —ay
1 -t 0 -] —api1
A’I’L = 0 ]. *t A *an+2
0O 0 - 1 |—ap1-—t

Now, by cofactor expansion along the first row, the characteristic polynomial
f(t) of TW is
det(Ag) = —tdet(A;) + (=1)**(—ap) det (Ix_1)
— ¢ [—tdet(Ag) n (—1>’f<—a1)] + (=1)*ag

= ()% [—tdet(Ay) + (-1 (=) | + (=) (a0 + art)

= (—t)*? (—tdet(Ax) + (1) 2ay_2)
+(_1)k (ao +ait+---+ ak_3tk_3)

= (-1)F (ao +art 4 Faptt 4 tk> :

Question. Is T*(v) always equal to v? When does equality hold?

Proof. No, consider the zero transformation Tp: R — R. Then, T3(1) = 0 despite
{1, T5(1), T3(1), ... } = {1, To(1)} = {1,0}.

Equality holds iff Ty is invertible. If T%(v) = v, then TV?/l = Téﬁvfl, ie. Ty is

invertible. But the converse isn’t true in general (?) 0.5/

Question. Let W be a T-cyclic subspace of V. Does W always contain a ‘loop’?
That is, is there always a subset L = {u,T(u),T?(u),...} of W whose span is

T-invariant?
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Theorem 5.22 (Cayley-Hamilton-Frobenius). Let T be a linear operator on a finite
dimensional vector space V', and let f(¢) be the characteristic polynomial of T.
Then f(T') = Tp, the zero transformation. That is, T “satisfies” its characteristic

equation.

Proof. v Let v € V — E and W be the T-cyclic subspace of V' generated by v.
By the preceding theorem 5.21, the characteristic polynomial g(¢) of Ty is such
that g(7)(v) = 0. Now, f(T)(v) = 0 follows from theorem 5.20. Consequently,

(1) =To. o 3]

A longer proof can be found in my VSCode comments. But I find the level of brevity
here to be adequate. That aside, the following result is from the book.

Corollary (Cayley-Hamilton-Frobenius Theorem for Matrices). Let A be an n x n
matrix, and let f(¢) be the characteristic polynomial of A. Then, f(A4) = O, the

n X n zero matrix.

Proof. By the Cayley-Hamilton-Frobenius theorem, L4y = f(La) = Lo. So,
f(A)=0. k4]

=rd

Question. Is it always true that L4 = Lp implies A = B?

Proof. Yes, let T: V' — W be a linear transformation and fix some (ordered) bases
B and v of V and W, respectively. Notice that the matrix representation of 7" in
the ordered bases [ and + is unique (because the representation of any vector, with
respect to a fixed basis, is unique). F:@f
Question. Let T be a linear operator, on a finite dimensional vector space V', whose
characteristic polynomial is f. Suppose the polynomial g is such that g(7") = Tp.
Then, must f divide g7

Theorem 5.23. Let T be a linear operator on a finite-dimensional vector space V,
and suppose that V. =W & Wy & - - - & Wi, where W; is a T-invariant subspace of
V for each ¢ (1 <4 < k). Suppose that f;(t) is the characteristic polynomial of Ty,
(1 <i<k). Then fi(t)fa(t)--- fr(t) is the characteristic polynomial of 7T'.

Proof. v Let the characteristic polynomial of T' be F', and pick a basis 3; for each
i. f V=W, & W, (ie. k=2), then

B [TW1]51 v
[T]51UB2 - ( 0, [TWQ]/B2> ‘

So, F(t) = fi(t) f2(t) is clear. Assume the result holds for k¥ = n, and now, consider
k=n+1. Then, V=W; ® (Wa @ --® Wy) is apparent. As such, it follows from
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the above result for £ = 2, that

f@) = fit) (f2@)f3() - fu(2)) = f1(t) f2(2) - - - fi(2)-

Z

r®
.>

Alternatively, for the sake of brevity we may write the following, which I prefer.

Proof. Let the characteristic polynomial of T' be F', and pick a basis §; for each 1.
By invariance, it holds for v := 8y U Bo U -+ - U S, that

[Tw, ], O 0
@) Tw,lg, - O
[T]v = . | W I .
0 O - [Tws

Consequently, it is clear that

ft) = filt) fa(t) - .. fr(t).

5.4.2 Exercises

Exercise 1. Label the following statements as true or false.

(a) There exists a linear operator T with no T-invariant subspace.

(b) If T is a linear operator on a finite-dimensional vector space V', the the char-
acteristic polynomial of Ty divides the characteristic polynomial of 7T'.

(c) Let T be a linear operator on a finite-dimensional vector space V', and let
v and w be in V. If W is the T-cyclic subspace generated by v, W’ is the
T-cyclic subspace generated by w, and W = W', then v = w.

(d) If T is a linear operator on a finite-dimensional vector space V', then for
any v € V the T-cyclic subspace generated by v is the same as the T-cyclic
subspace generated by T'(v).

(e) Let T be a linear operator on an n-dimensional vector space. Then there
exists a polynomial g(¢) of degree n such that g(7") = Tp.

(f) Any polynomial of degree n with leading coefficient (—1)™ is the characteristic
polynomial of some linear operator.

(g) If T is a linear operator on a finite-dimensional vector space V', and if V' is
the direct sum of k£ T-invariant subspaces, then there is an ordered basis (8

for V such that [T is a direct sum of & matrices.
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Proof.
(a) v False. The zero vector space is always T-invariant.
(b) v True, see theorem 5.20.
(c) v False. Let the linear operator 7' on R be defined by T'(x) = —z. Fix
v=1,and w = —1. Then, W = W' = {—1,1} even though 1 # —1.
(d) v False. Consider the linear operator 7" on R defined by T'(z) = z+1. Then,
the T-cyclic subspaces generated by 0 and 1 are Z[')|r and Z™, respectively.
(e) v" True. One such g is the characteristic polynomial of 7T
(f) x False. Any linear operator on the zero vector space must have character-
istic polynomial 0.
Oh I misunderstood the exercise. The intended interpretation is probably
“Any polynomial g of degree n with leading coefficient (—1)" (and coefficients
from F) is the characteristic polynomial f of some linear operator on some
vector space (on F).”
It is clear for n = 1 that such a linear operator 1" on F exists. So, suppose
this is true for n = k, and consider n = k + 1.
(g) v True by theorem 5.24.

Exercise 2. For each of the following linear operators 7' on the vector space V/,
determine whether the given subspace W is a T-invariant subspace of V.

@) V =c([0,1]), T(f(t)) = [fol dx} t, and

W ={f eV|f(t) =at+ b for some a and b}.

Proof.
(d) Notice that T'(at + b) = [at2/2+bt](1) -t = (a/2 +b)t € W. Hence, W is
indeed a T-invariant subspace of V.

Exercise 6. For each linear operator T on a vector space V, find an ordered basis
for the T-cyclic subspace generated by the vector z.
(a) V=R* T(a,b,c,d) = (a+bb—c,a+c,a+d),and z = e;.

0 1
(c) V =Maxa(R), T(A) = A%, and 2 = ) 0).

Proof.
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(a) v We see that

e1 = (1,0,0,0)

T(e1) = (1,0,1,1)
T?(ey) = (1,-1,2,2)
T3(e1) = (0,-3,3,3) = 3[T%(e1) — T(e1)]
T4(e1) = (—3,-6,3,3) = 6T%(e1) — 9T (e1)
T5(e1) = (=9, -9,0,0) =9(T?%(ey) — 2T (e1))
TY(e1) = (—18,-9,—9,—9) = 9(T?%(e1) — 2T (e1)) — 9T (e1)
T(e1) = (—27,0, 27, —27) = —27T(e1).

So, the T-cyclic subspace generated by the vector z = e; is
span{T"(e1)]|0 <i < 7}.

Moreover, {e1,T(e1), T?(e1)} is a basis for it.

(b) v It is clear that {z} is a basis for the T-cyclic subspace generated by z.

Exercise 17. Let A be an n X n matrix. Prove that

dim(span({I,, 4, A%,...})) < n.

Proof. By the Cayley-Hamilton-Frobenius theorem, the characteristic polynomial
f(z) of A is such that f(A) = O. As such,

dim(span(I,, A, A%,..., A")) < n.

Furthermore, A"*™ f(A) = O for each m € N. Hence, it follows from simple
induction, that A"™™ € span(A, ..., A"). Clearly,

dim(span(I,, A, A%,...)) < n.

0

(0 )-60)-6 )

1 1 1
Example. Let A = (O 1) and notice A™ = ( ?) So, since
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we see that {A, A%} is a basis for
span({I,, A, A%, ...}).

Hence, it must have dimension 2.

1 1 1
Example. Let A= |0 1 1|. Similarly, we observe that
0 0 1
1 n 3n(n+1)
A"=10 1 n
00 1
Furthermore,
0 0 1 010
A-242+A%3=(0 0 0 and  —3A4+542-24%=10 0 1
0 00 0 0 O

Therefore, it is clear that {4, A%, A3} is a basis for
span({I,, A, A%,...}).
i.e. the above vector space is of dimension 3.

Exercise. The above seems to suggest an interesting pattern arises with n x n upper

triangular matrices A, whose entries are all 1’s. Can you find this pattern?
Exercise. Find a basis for A,,.
Exercise 18. Let A be an n X n matrix with characteristic polynomial

f&) = (=1)™" + an_1t" ' + - + art + ap.

(a) Prove that A is invertible if and only if ag # 0.
(b) Prove that if A is invertible, then

Al = (—1/@0)[(—1)”14”_1 -+ an_lAn—2 + .-+ alfn].

(c) Use (b) to compute A~! for

S

Il
o O =
S NN

w
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Proof.
(a) If ag = 0, then det(A) = f(0) = 0. Hence, A is not invertible. Conversely,
when ag # 0, by the Cayley-Hamilton-Frobenius theorem we have

(=1)"A™ + a, A" 4 Fa A+ agl =0,
(—1)"A™ +ap 1AV -+ A = —agl,
(—1/a)[(-1)"A" ' + an 1 A" P+t lJA=1T.

As such,
A_l = (_1/a0)[(_1)nAn—l -+ an,lAn_2 + -4+ (Ill].

This also conveniently proves (b).

(c) We first compute the characteristic polynomial f of A to be

fO=0-2-t) 1 +t)=t3 -2 —t +2.

Accordingly,
1 =l =2
A7l =(-1/2)(A2-24-T)= |0 1/2 3/2
0 0 -1

Exercise 20. Let T be a linear operator on a vector space V, and suppose that
V is a T-cyclic subspace of itself. Prove that if U is a linear operator on V then
UT =TU if and only if U = g(T') for some polynomial g(t).

Proof. By theorem 5.21, a basis for V is
{v,T(v),...,T" " (v)}

for some vector v € V and r = dim(V). Suppose that UT = TU. We notice

Uv) ==YI_, a;T"(v) for some a; € F. Then, a simple inductive proof shows
UTI(v) =TU(w) = > a T ().
i=1

The converse is trivial.

Question. Let V' be a vector space of dimension n. Must there exist a linear

operator 1" on V', such that V is a T-cyclic subspace of itself?
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Proof. Choose a basis 8 := {v1, v, ...,v,} for V. We define the linear transforma-
tion T on V by T(v;) = v;+1, where v, 41 = v1. Then, it is clear that the T-cyclic
subspace of vy is V, since it contains f3. 5]
Definition. Let T be a linear operator on a vector space V' which contains the vector

w. For brevity, we define (w) to be the T-cyclic subspace of V' generated by w.

Exercise 21. Let T be a linear operator on a two-dimensional vector space V. Prove

that either V is a T-cyclic subspace of itself or T' = ¢l for some scalar c.

Proof. Suppose T is not a scalar multiple of the identity, and choose a basis {u, v}
for V. Then, nullity(7") < 2 so wlog T'(u) = au + bv # 0. When a and b are both

nonzero, (u) = V. Otherwise, ezactly one of a or b is nonzero, but regardless,
(u+v)=V. k]

Initally thought about using the following method, but forsook it in favor of induction,
as proving the matrix has full rank seemed unnecessarily tough. Credits to Ann for
reminding me to consider Vandemonde matrices, which I have proved some relavent

results about.
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Exercise 23. Let T be a linear operator on a finite-dimensional vector space V', and
let W be a T-invariant subspace of V. Suppose that vi,ve, ..., vy are eigenvectors
of T' corresponding to distinct eigenvalues. Prove that if v1 +wve + -+ vy is in W,

then v; € W for every q.

Proof. Let A; be the eigenvalue associated with the eigenvector v;. Since each \;

is distinct, exercise 22(a) of section 4.3 implies the matrix

1 A A - At
1 X A3 - A
IEDVIED Y D
has full rank. So, each
Sl . . N\t
ei:Zcij<)\]1 )\% /\i),
j=1

for some scalars ¢; € F. Going back to our subspace W, this implies

k—1 k—1
@y = Zcij(/\{vl + )\%Ug qFoooF )\{C’Uk) = ZcijTj(vl +vo+ -+ vk)
Jj=1 Jj=1
because {v1, va, ..., v} is linearly independent. Since W contains v +vg +- - -+ vy

and is T-invariant, it contains all T7(vy + vg + - -- + v). Hence, v; € W for all

. -

An alternate phrasing.

Proof. Let \; be the eigenvalue associated with the eigenvector v;. Consider how

each v; can be expressed in terms of
B = {(’Ul+U2+"'+Uk),T(’U1+U2+"'+Uk),...,Tk_1(U1+U2+"'—|—Uk)}.
For ~ = {vy, v, ..., vk}, notice
M

. X,
[TJ(Ul + V2 +"'+Uk)]7 =
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Placing these columns in a matrix gives

D VRN VAP Lo
1 X A3 - B
L A A2 -t

Notice this is a Vandermonde matrix, i.e. it has full rank. Therefore, every v; can

indeed be written in terms of 5 C W. m

=rd

Exercise 24. Prove that the restriction of a diagonalizable linear operator T' to any

nontrivial T-invariant subspace is also diagonalizable.

Proof. Let W be a T-invariant subspace. Pick a maximal linearly independent
subset v of eigenvectors of Ty, and extend it to some eigenbasis 3 of T'. If v fails

to span W, then
Z cijvij € W,
/i?j

for some nonzero scalars ¢;; and eigenvectors v;; € 8 — v corresponding to the
eigenvalues \; of T. But by the preceding exercise, jCiji; € W, contradicting
the maximality of . lo.¢]
Exercise 25.
(a) Prove the converse to exercise 19(a) of section 5.2: If T" and U are diago-
nalizable linear operators on a finite-dimensional vector space V' such that
UT =TU, then T and U are simultaneously diagonalizable. (See the defini-
tion in the exercises of section 5.2)

(b) State and prove a matrix version of (a).

Proof. Let A1, A2,..., A, be the eigenvalues of 7', and let v € E),. Notice
that TU(v) = \U(v). By the preceding exercise, there is an eigenbasis f; =
{wir, wiz, ..., wi, } for UEM' Therefore, |J; i is an eigenbasis for both 7' and

Exercise 26. Let T be a linear operator on an n-dimensional vector space V such

that T has n distinct eigenvalues. Prove that V is a T-cyclic subspace of itself.

Proof. Let v; be an eigenvector of T' corresponding to the eigenvalue )\;, for 1 <
i < n. By exercise 23, we see that v; € (v1 +v2 + -+ + v,) for all i. Hence,
V= (v1+v2+ -+ vg). kg

Exercise 27. Let T be a linear operator on a vector space V', and let W be a T-
invariant subspace of V. Define T: V/W — V/W by T(v+ W) = T(v) + W for

34
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any v+ W e V/W.
(a) Prove that T is well defined. That is, show that T(v + W) = T(v' + W)
whenever v+ W =o' + W.
(b) Prove that T is a linear operator on V/W.
(c) Letn: V.— V/W be the linear transformation defined in exercise 42 of section
2.1 by n(v) == v+ W. Show that the diagram of Figure 5.1 commutes; that
is, prove that nT = Tn. (This exercise does not require the assumption that

V is finite-dimensional.)

v —T vy

o]

viw L= v/w

Figure 5.1

Proof.
(a) For v+ W = o' + W, we have v —v € W. So, T(v') € T(v) + W. By
symmetry, T'(v+ W) =T (v + W).
(b) Let ¢ € F and u,v € V. Then,

Tlc(u+W)+ @w+W))=T(cu+v) +W =cT'(u) + T(w) + W
= (T (u) + W) + (T(v) + W))
=cT(u+W)+T(w+W).

(c) Notice that
nT(v) =TW)+W =T(v+ W) =Tn(v).

Hence, Figure 5.1 commutes.

e
£
"._lt‘

Exercise 28. Let f(t), g(t), and h(t) be the characteristic polynomials of T', Tyy,
and T, respectively. Prove that f(t) = g(t)h(t).

Proof. Following the notation of theorem 5.20, define 8/W = {v, 41 + W, vp42 +
W,...,um + W}. Since

T(Un+j + W) E= T(Un+j) + W = (Z C@"U@) + W

m m—n
= Z C’Lj v; + W Z Bzy Un41 + W)
i=n+1 =1

for some scalars ¢;j, we have that [T,y = B. As such, f(t) = g(t)h(t) follows
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from theorem 5.20. m

=rd

Exercise 30. Prove that if both Ty and T are diagonalisable and have no common

eigenvalues, then 7' is diagonalisable.

Proof. Assume that both Ty and T are diagonalisable. i.e. there are eigenbases
v = {v1,v2,...,0,} and B/W = {vp41 + W,vpi2 + W, ..., vy + W} of Ty and

T, respectively. Then, 3 = {v1,v2,...,v,} is an eigenbasis for T, since Ty and T
. o
have no common eigenvalues. lo.]

Question. Is there a linear operator T" and a T-invariant subspace W, such that
both Ty and T are diagonalisable, but 7 itself is not?

-3

Exercise 31. Let A = 4 |,let T'= Ly and let W be the cyclic subspace
1

— N
N W

of R3 generated by e;.

(a) Use theorem 5.21 to compute the characteristic polynomial of Tyy. Show that
{eg + W} is a basis for R3/W and use this fact to compute the characteristic
polynomial of T.

(b) Use the results of (a) and (b) to find the characteristic polynomial of A.

Proof.
(a) We see that

11 0 1 0 —6
<61 Aey A261>: 02 12|l—=101 6
01 6 00 0

So the characteristic polynomial of Ty is t? — 6t + 6. Furthermore, {e1, Ae1}
and {e;, Ae1, ea} are bases for W and R?, respectively. Thus, {es+ W} must

be a basis for R?/W. In fact, it corresponds to the eigenvalue —1, since
t
T(ez) =S (1 3 2) = —e1 + 24e1 — es.

i.e. the characteristic polynomial of T is —t — 1.
(b) By exercise 28, the characteristic polynomial of A is —(t + 1)(¢? — 6t + 6).

Al
&
"._lt‘

Exercise 38. Let C be a collection of diagonalizable linear operators on a finite-
dimensional vector space V. Prove that there is an ordered basis 8 such that [Tz

is a diagonal matrix for all T' € C if and only if the operators of C commute under

composition. (This is an extension of exercise 25)

36
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Exercise 40. Let

1 9 cee m
n—+1 n+2 cee 2n

A=
n2—-n+1 n2—-n+2 --- n?

Find the characteristic polynomial of A.

Exercise 41. Let A € My, x,(R) be defined by A;; = 1 for all ¢ and j. Find the

characteristic polynomial of A.




Chapter 6

Inner Product Spaces

§6.1 Inner Products and Norms

Question. Preliminary questions.
(a) Why is the weaker condition of conjugate symmetry used over symmetry?
When are such inner products useful?
(b) What is the intuition behind complex inner products?

(c) If we allow inner products to take on complex values, then why not values in
arbitrary fields?

6.1.1 Theorems

Theorem 6.1. Let V' be an inner product space. Then, for z,y,z € V and ¢ € K,
the following statements are true.
(a) (z,y+ 2) = (x,y) + (z, 2).
(z,cy) = &(z,y).
(x,0) = (0,z) = 0.
(
I

Proof. Parts (a) to (c) are clear from the linearity in the first-coordinate and con-
jugate symmetry of inner products; (d) follows from positive-definiteness. Lastly,
for (e), suppose that (r,y) = (z,2) forallz € V. So (zv,y — 2) =0 for x = y — 2.
Hence, y — z = 0 by (d). ‘

Theorem 6.2. Let V' be an inner product space over K. Then for all z,y € V' and
c € K, the following statements are true.

() llezll = [e] - llz].

(b) |z| =0 iff x = 0. In any case, ||z|| > 0.

(c) (Cauchy-Schwarz Inequality) |(z,y)| < |lz|/|y]|-

38
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(d) (Triangle Inequality) ||z + yl| < [[z[| + [|yl-

Proof. Parts (a) and (b) are trivial.
(c) -
(d) By (¢), ®{z,y) <[z, y)| < [[z[lllyll- So,

lz+yll* = (z,2) +(y, y) +2R(z, ) < llzl® +llyl*+20zllly] = (=] + lyl)>.

ECRY

o<
B o

6.1.2 Exercises

Exercise 1. Label the following statements as true or false.

(a) An inner product is a scalar-valued function on the set of ordered pairs of
vectors.
An inner product space must be over the field of real or complex numbers.

An inner product is linear in both components.

)
)
(d) There is exactly one inner product on the vector space R".
) The triangle inequality only holds in finite-dimensional inner product spaces.
) Only square matrices have a conjugate-transpose.
) If z, y, and z are vectors in an inner product space such that (z,y) = (z, 2),
then y = 2.

(h) If (x,y) = 0 for all  in an inner product space, then y = 0.

Proof.

(a) True.

(b) True. (Why?)

(c) False. Any inner product is linear in the first component and conjugate
linear in the second. Indeed, conjugate linearity is not equivalent to linearity;
consider the standard inner product over C. Notice (1,i) = —i # i = i(1,1).

(d) False. The standard inner product is not the only inner product possible;
2(-,-) is another.

(e) False. It holds in all inner product spaces, such as "R with ({z,}, {y.}) ==
> et TnYn-

(f) False. Consider the standard inner product on R. Then, (0,1) = (0,2).

(g) True, since (y,y) = 0.

Exercise 4.

(a) Complete the proof in Example 5 that (-, -) is an inner product (the Frobenius

inner product) on M,,x,(K).
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(b) Use the Frobenius inner product to compute ||A]|, || B||, and (A, B) for

a3 2T) e (0.
3 ) 7 —1

Proof.
(a) Trivial.
(b) Since

<A,A>:tr<< 1. 3'> <1 2J.rz'>>:tr< 10' 2+4i>:16

2—4 —1 3 7 2 — 4 6

(B, B)— tr L—i =i\ (1@ 0\ _ (3 -1\ _,
T 0 i i =) ) \=1 1) 7

we see that ||A]| =4 and ||B]| = 2. Finally,

(A,B>:tr<<1_i —;) (1 2fi>>:tr<1—.4¢ 4—@)2_41,.
0 ) 3 7 37 -1

(b) Alternatively,

and

(4,4)= (1 3) (;)+<2+ii><2ji>:10+6:16,
(B, B) :( i) (HZ) (4)(3):“1:4,
(A, B) :( Q() ( z) <2;H>:(1—4i)—1:—4i.

Ked

e
I |
R

®

Question.
(a) Let A,B € Myxn(K) and ||-|| be a norm on M, (K). When does it hold
that || AB| = || ]| BI|?
(b) Let (V, ||-]|, *) be a normed vector space with vectorial multiplication *: V2 —
V. For xz,y € V, when does it hold that ||z * y| = ||z||||y]|?

Question. For any z,w, € C, we know zw = z-@w. What about for A, B € M,,x»(K)?
When is AB = A - B?
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Proof. Always, since

(E)zj = (AB);; = Zaikbkj = Z@@ = (A' E)ij :
k=1 k=1

Exercise 8. Provide reasons why each of the following is not an inner product on
the given vector spaces.

(a) ((a,b),(c,d)) = ac — bd on R2.

(b) (A, B) =tr(A+ B) on Maxa(R).

(c) (f(z),g9(x)) = fol 1 (t)g(t) dt on P(R), where " denotes differentiation.

Proof.
(a) Notice (eq,e2) = —1.
(b) Observe that (—I,0) = —2.
(c) Note that (z,—1) = —1.

Exercise 10. Let V be an inner product space, and suppose that x and y are or-
thogonal vectors in V. Prove that ||z +y||> = ||z||>+ ||y||?>. Deduce the Pythagorean

theorem in R?. Visit goo.gl/1iTZzC for a solution.

Proof. By orthogonality, (x,y) = 0 so
lz +ylI* = (2, 2) + (y, y) + 2R(z,y) = [l«|* + [ly]I* +0.

The Pythagorean theorem hence follows.

Figure 6.1: The Pythagorean theorem.

Question. Let V be a normed vector space, such that ||z 4 y||? = ||=|> + ||y||? for
all orthogonal z,y € V. Then, must ||-|| be induced by some inner product (-, -) on
V7



https://media.pearsoncmg.com/aw/aw_friedberg_linearalgebra_5e/solutions/sec_6_1.html
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Exercise 12. Let {v1,v9,...,vx} be an orthogonal set in V', and let aj,as,...,ax

be scalars. Prove that

k 2k
Y awif = lai vl
i=1 =i

Proof. Notice that u = Zf:ll a;v; is orthogonal to v;. Using exercise 10, the result

hence follows from induction. 23

=4

Exercise 15.
(a) Prove that if V' is an inner product space, then |(z,y)| = ||z|/||y| iff one of
the vectors x or y is a multiple of the other.
(b) Derive a similar result for the equality ||z + y|| = ||z| + ||y||, and generalise it

to the case of n vectors.

Proof.
(a)

The following question is inspired by exercise 25.

Observation. Let (-,-) be an inner product on V, and f: V — RBL be such that
f(xz) > 0if 2 #0. Then, (z,y); = f(x)(x,y) is an inner product.

Question. Let [-, | be a real inner product on the space V over C, such that [z, ix] =

0 for all z € V. Is [, ] unique up to a scalar multiple?

Proof. No; this is true iff V' = {0}. When there is a nonzero x € V,
(,2)) = lzll{z,2)  and  (z,2z)) = 2[|lz[|{(z, 2z).

Hence, (z, 7). and [-,-] are not equivalent up to a scalar multiple.

Note 6.3. The above shows that no inner product is unique up to a scalar multiple.

Exercise 17. Let T be a linear operator on an inner product space V', and suppose
that [|T'(x)|| = ||z|| for all . Prove that T is injective.

Proof. If T'(z) = T(y), then ||z —y|| = [|T(z — y)|| = [|T(x) = T(y)| = 0.

Exercise 18. Let V and W be vector spaces over K, and (-,-) be an inner product
on W. If T: V — W is linear, prove that (z,y)’ = (T'(x),T(y)) defines an inner

product on V iff T is injective.

42
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Exercise 20. Let V' be an inner product space over K. Prove the polar identities:
For all z,y € V,

2 e olI2
o) gy = Il ey

(b) (z,y) = 1 35_, i¥|lz + iFy|? if K = C, where i? = —1.

Proof.
(a) We see that

lz+ylI* —lle —yl® _ llzl® + 2Rz, y) + lyl* — ll=]* + 2R{z, ) — [ly]®
4 4
= R(z,y).

The result follows from K = R.
(b) Expanding,

4

4

1 _ , 1 . 7

7> F e+ iyl = 7 30 i (llall? + 2R (F @, 1)) + llyll?)
k=1 k=1

4

20w, y) + 2R, y) + 20w, y) + 2R(x, )
N 4

= (z,9)-

[.'a
ECRY

SN

Exercise 21. Let A be an n X n matrix. Define

1

= - (A—4").

1
A = i(A + A*) and As

(a) Prove that A7 = A;, and A5 = As, and A = A;+iAs. Would it be reasonable

to define A; and Ay to be the real and imaginary parts, respectively, of the

matrix A?
(b) Let A be an n x n matrix. Prove that the representation in (a) is unique.

That is, prove that if A = B; 4 iBy, where Bf = B; and B; = By, then
B1 = A1 and BQ = AQ.

Proof.
(a) Notice that

1 1
Al = §(A+A*)* = 5(14* + A) = Ay,
A LA Ay = —ta—A) =4
27 9 T2 o
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Furthermore, A = $(A + A*) + $(A — A*) = Ay +iA,.
With respect to the conjugate transpose, the quintessential property we
are looking for in a suitable definition of real and imaginary parts is
A* = Ay — iAs. Indeed, this is what we have. Contrary to expectations
from complex arithmetic, A; and Ay are not always real (consider A = iF19
for an example.). However, this is irreconcilable with A* = A; —iAs — real
matrices are not all invariant under transposition. As such, what we have
remains reasonable.
However, if we were concerned merely with conjugation, a better definition is
found in (RA);; == RN(A;;) and (SA);; = I(A4;5). Clearly, (RA)* = RA and
(SA)* = SA as they are real matrices; A = Ay +iAg and A* = A — i A,.
All the expected properties of a real and imaginary part are satisfied — this
is the appropriate definition.

(b) Evaluating A + A* and A — A* gives A1 = By and As = Bs, respectively.

[O=2
it
/‘._.lt‘

Note. I asked for feedback in math discord, and eigentaylor gave me the following
tips.

e Hermitian matrices (A* = A) are like real numbers.

o Skew-Hermitian matrices (A* = —A) are like imaginary numbers.

e Unitary matrices (A4* = A~!) are complex numbers lying on the unit circle.
Also, the conjugate transpose is the ‘true’ matrix transpose — results that hold true
for the transpose of real matrices hold true for the conjugate transpose of complex
matrices. Here is my own example: For A € M,,x,(K) and eigenvectors z,y € K"

corresponding to A and p, such that A\ # [i, notice that (x,y) = 0 iff A is Hermitian.

Observation. Let A € M, x,(K).

A 1A
Hermitian Skew-Hermitian
Skew-Hermitian Hermitian
Unitary Unitary
Table 6.1

Exercise 23. Let V = K" and A € M, x»(K).
(a) Prove that (x, Ay) = (A*z,y) for all z,y € V.
(b) Suppose that for some B € M,x,(K), we have (z, Ay) = (Bz,y) for all
x,y € V. Prove that B = A*.
(c) Let a be the standard ordered basis for V. For any orthonormal basis 8 for

V, let @) be the n x n matrix whose columns are the vectors in 3. Prove that

Q* — Q_1~

44
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(d) Define linear operators 7" and U on V by T'(x) = Az and U(x) = A*z. Show
that [U]g = [T} for any orthonormal basis 3 for V.

Proof.
(a) Consider the jth column a; of A and the jth entry y; of y. We have (x, Ay) =
245
(b) Since (A*z,y) = (Bzx,y) by (a), A* = B.
()

Exercise 26. Prove that the following are norms on the vector space V.
(a) V =R? ||(a,b)|| = |a| + |b| for all (a,b) € V.
(b) V = (0, 1)); |1l = F(®)] for all f € V.
(c) V=C(0,1]); || fll = fo\f ]dtforalleV.
(d) V =Mmxn(K); ||A]| = max; ;|A;;| for all A e V.

Proof.
(a)(i) If a,b # 0, then |a| > 0 and |b| > 0 so ||(a,d)|| > 0.

(ii) If a,b =0, then ||(a,b)]| =0+ 0=0.

(iii) For any ¢ € R, we have ||c(a, b)|| = |cal + |cb| = |c|(|a| + |b]) = |c|||(a, b)]|.

(iv) [l(a,b) + (¢, )|l = la+ [ + [b+ d] < |a] + ¢ + [b] + |d] = [|(a, b)[| + l|(c, )]
(b)(i) If f # 0, then f(t) # 0 for some ¢ € [0,1] so || f|| > |f(¢)] > 0.

(ii) If f =0, then ||f|| = max{0} = 0.

(iii) For any ¢ € R, we have ||cf|| = max|cf| = |c| max|f| = ||| f]|-

() [1f +gll = max|f + g| < max(|f] +|g]) = max|f| + maxlg| = |f]] + lgl.
(c)(i) Suppose f(z) # 0 for some x. Wlog, x > 0. Then, y :== inf{t : |f(t)| =

slf @} <z So, £l = [ 5lf (@)l dt = 5(z — )| f ()] > 0.
(ii) If f =0, then ||f]| = fo 0dt = O.
(iii) For any ¢ € R, we have [lef|| = [y lef ()] dt = fyle|lf(®)] dt = [e]|f]]
(iv) As before, this follows from the absolute value satisfying the triangle inequal-
ity.
(d)  Similarly straightforward.

7
3
=

Exercise 27. Use Exercise 11 to show that there is no inner product (,-) on R2,

such that ||z||? = (z,z) for all x € R? if the norm is defined as in exercise 26(a).

Proof. Since ||e1 + ea||? + |le1 — e2]|? = 8 while 2]|e1||? + 2||e2||?> = 4, this norm is

not induced by any inner product. w
Question. Let V' be a vector space with basis 8 := {v,} and norm ||-||. Fix p > 1.

Consider the fP-norm ||> cqvall« == D |call|val|lP. When is it induced by an inner

product?
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Exercise 29. Let ||-|| be a norm on a real vector space V satisfying the parallelogram

law given in Exercise 11. Define
_ 1 2 2
(@9) =2 lllz +yl* = llz - ylI"].
Prove that (-, -) defines an inner product on V such that ||z||? = (z,2) forallz € V.

Exercise 30. Let ||-|| be a norm (as defined on page 337) on a complex vector space
V satisfying the parallelogram law was given in Exercise 11. Prove that there is an

inner product (-,-) on V, such that ||z||?> = (z,z) for all z € V.

Proof. Consider the inner product (z,y) = %Zi:l ik ||z +i*y||2.  (Work in
progress) @3

Corollary. A norm is induced by an inner product iff it satisfies the parallelogram

law.

§6.2 (Self) Angles and isometries

The inner product is a generalisation of the dot product, and indeed has the properties we
would expect it to hence possess, as exercise 15 demonstrates. Thus, we might attempt

to define the angle between two vectors:

Definition. Let V be a real inner product space and z,y € V. We define the angle
between x and y as

(z,y)

0(z,y) = arccos ————.
(vl

Naturally, we question our sanity!:

Question. Let V and W be a real inner product spaces. If f: V — W is an
isometry, then must angles be preserved? That is, given |z — y|| = || f(z) — f(y)]]
for all z,y € V, must 0(x,y) = 0(f(x), f(y)) for all x,y € V?

Isometries preserve angles: given three points transformed under an isometry, the dis-
tances between them are invariant. i.e. the triangle before and after the isometry are
congruent. As such, we expect that isometries preserve angles — the answer to the above

is positive — if our definition of angle is reasonable.

¥

@

Proof.

5
I
BE

T phrased it this way for comedic purposes.
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Question. Would extending the above definition to

(=, y)]

0(z,y) = arccos
[l 1y

for complex inner product spaces be unreasonable?
Preliminary note: (y — |(y, Z)|Z, z) = (z,2) — |(z, z)|.

Lemma. Let V be an inner vector space. If ||z + y|| = ||z] + ||y||, then x = cy for

some c € C.

Proof. Let yy = (y,Z)T and y; =y — yy. So, (z,y,) = 0. Hence,

e+ yl1* = Il +yull* + lly 1 = Neel® = 2l gl + Nonll® + 1y

and
(=l + lyID? = l=l® + 20z (l{lyll + llyall* + 2llwllllyLll + vl

When [jz +yl| = [|=]| + [lyll,

gl = N2 lligll + lgn Hly [T = Noal (el + Ty Ll)-

Therefore, ||y || = 0. x Thanks to afqt who pointed out my implicit assumption

c> 0.

Lemma. Let V be an inner vector space and z,y € V. If || +y|| = ||z||+||y||, then

x = cy for some ¢ > 0.

Proof. Let yy = (y,2)T and y;, =y — yy. So, (x,y.1) = 0. Hence,

Iz +ylI> = llz 4+ yill® + lycll® = llzl® + 2R, y) + lyull® + lyL|®
and
(lzll + 1lyD? = N1zl + 20z lyll + Nyill® + 2llyn vl + [yl

When [z +yl| = [|=]| + [lyll,

Rz, yi) = [l iyl + NonllllyLll = Hyull Nzll + lyLl]) = Rz, y0) + lonlllyLl-

Therefore, ||y, || = 0 and & = cy, for some ¢ € K. Since |¢+ 1| = |¢| + 1, we have
c>0. lo.¢]
Note. Afqt also mentioned this is just the equality case of Cauchy-Schwartz. But
I’'m still working on my proof of Cauchy-Schwartz; I don’t have the required knowl-

edge of how the proof goes, in order to do it that way. So, I used the above method,
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which applied Cauchy-Schwartz at the end.

Note. Let V' be an inner product space and z,y € V. While (y,Z)Z is always

orthogonal to z, the vector (Z,y)Z is orthogonal to z iff (x,y) is real.

Question. If V' is a normed space and ||z + y|| = ||z|| + ||y||, must = cy for some
ceC?

Question. Is an isometry T between two inner product spaces V and W linear?

Proof. Let z,y € V and a € K; notice that ||T(az) —T(x)| = |a—1|||T(x)]||. Since
laT ()] = |T(az)|l, wlog [T(ax) — T(x)[| = |T(az)| — | T(z)]|. By the above
lemma, T'(ax) = ¢T'(x) for some ¢ > 1. In fact, |a|] = c. fe.

If our definition of angle is sound, then we expect basic trigonometry to hold.

Claim. Let V be an inner product space. Then, for all z,y € V, the following are
true.

(a) The sine rule:
sinf(z,y) sinf(x,z—y)

le =yl Iyl

(b) The cosine rule:

[ + llyll* = ll= — yll?
2|[xf{|]

cosf(x,y) =

Figure 6.2

Exercise. Find a metric on a vector space that does not induce a norm.

Proof. Consider the discrete metric d on R. It clearly cannot be induced by any

norm, since d(1,0) = d(2,0). 3

=rd
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§6.3 Linear transformations

Observation 6.4. Let V be a normed vector and 7: V — V be linear. If
nullity(7") = 0, we have the induced T-norm ||v||7 = || T(v)]].

Question 6.5. Let V be a normed vector space. Does there exist a linear T: V — V|

such that ||-||7 is induced by some inner product on V7

§6.4 Continuity

In school, my teacher once handwaved why 7'lim 7™ = lim 7" (pointwise convergence). |
asked on math discord and found that any linear operator on a finite-dimensional normed

space is continuous. So, let’s try to prove it!

Observation 6.6. Let {z,,} and {y,} be sequences in a normed space X with limits

x and y, respectively; ¢ € K. Then, cx, + y, — ax + y.

Claim 6.7. Each inner product space X has an orthonormal basis.

Proof. Let C be a chain of orthonormal subsets of X and z; € 8; € C, where
61 C --- C B, wlog. As such, z; € B8,. So, C is orthonormal. There is hence a
maximal orthonormal subset 5 of X, by Choice. Suppose, for contradiction, that
there exists © € X — span(f). Then, ZU f is an
Oh yep this doesn’t work.

Lemma 6.8. Let 8 := {x1,x9,...,2,} be a basis for the normed space X, and

lorp, = Z;ll cinZi- Then, t, — x1 iff ¢, — 1 and ¢, — 0 for each ¢ £ 1.

The proof is trivial if X is a finite-dimensional inner product space.

Claim 6.9. Let X and Y be finite-dimensional normed spaces. Any linear transfor-

mation 7: X — Y is continuous.


https://discord.com/channels/268882317391429632/540211747613704221/1237608047551975528

Chapter 7
Miscellaneous

Exercise (Leibniz's formula for determinants.). Let A be an n X n matrix. Prove that

det(A) = Z sgn(o) HAw(i).
i=1

UES’n
An exercise by TTera (link to relevant discord messages).

Exercise. Suppose V is a real vector space of finite dimension which admits a linear
operator T: V — V such that T?v = —v for all v € V. Show that V is of even

dimension.
A question asked in math discord (link to relevant discord message).

Exercise. Let A and B be n x n real matrices. Also define f: R — R by f(t) =
det(A + tB). Compute f’(0), and more generally, f’(¢) for any ¢t € R.

An exercise by Daminark (link to relevant discord messages).

Exercise.
(a) Let A and B be commuting diagonalizable n x n matrices over F. Then, they
are simultaneously diagonalizable.
(b) Commuting matrices A, B € M,,x,(C) are simultaneously triangularizable.
That is, there exists a basis 8 for which [L4] = [Lp] is upper triangular.

(Think about what the n = 1 case means.)

Two exercises Neam sent, probably from LADR.

Exercise. Suppose Vi,...,V,, are vector spaces. Prove that £(V} x -+ x V,,,, W)
and L(V1,W) x -+ x L(V;,, W) are isomorphic vector spaces, where x indicates
the external direct sum.

Find a canonical isomorphism.

50


https://discord.com/channels/268882317391429632/359052581022203914/818709652018561024
https://discord.com/channels/268882317391429632/359052581022203914/1214337737662926858
https://discord.com/channels/268882317391429632/359052581022203914/854855934857183242
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i—1 |
Proof. For each v € V;, let v; :== (0,0,...,0,v,0,0,...,0). Now let the linear

transformation.
T: LOVL X X Vi, W) = LV, W) X -+ X L(Vin, W)

be defined by T'(f) := (f1,f2,...,fm), where fi(v) = f(v).

Suppose T(f) = T(f"), i.e. f(vi) = f'(v;) for every 1 < i < m and v € V;. By
linearity, f = f’. Hence injectivity holds.

Pick any (f1,fs,...,fn). We define f(v;) :== fi(v). Then, T(f) = (f1,f2,...,fn), as
desired. Therefore, T is surjective.

Lastly, we see that
(af +)i(v) = (af + [)(vi) = af(vi) + f'(v) = afi(v) + f/(v),
for any scalar a € F. So,
T(af + f') = (afy +f1,af2 + f5, ..., af;m + ).

This implies T is linear. Consequently, 1" is an isomorphism.

Remark. The generalised version for infinitely many vector spaces V, for 0 < a <

K, is as follows.
L (@ Va,W> = X)LV, W).

This should essentially follow from the above proof, except that each m-tuple is

now replaced with a rx-sequence. i.e. h: k = J, Vo, where h(a) € V.

Note. For our isomorphism 7' be injective, the (external) direct sum is necessary
and can’t be replaced with a direct product. Otherwise we cannot conclude f = f’
from f(v;) = f’(v;). Similarly, since T'(f) == (f1,f2,...,fm), its codomain must be

the direct product and cannot be replaced with a direct sum.

Exercise. For each 0 < a < k, let V, be a vector space. Prove that the direct
product of all V,, has strictly greater dimension than that of the direct sum. That

18,
dim <® Va> > dim (@ va> .

Proof. (Note. The letters k, u, and A are taken to be cardinal numbers.)

Choose a basis

Ba = {v§, 05, ... ,vz‘a}

for each V,,. It is clear that v% := [J% B, is a basis for the direct sum @ V,. Now
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let .7 be the set of all gx: A — |5 Ba, such there there is an injection fy: A — &,
for which gx(a) € By, (a) for all 1 < a < A. Define §% = {23 a(a)lg e F}.

G

Exercise. Suppose W1, ..., Wy, are vector spaces. Prove that L(V, W} x --- x W)
and L(V,W7) x --- x L(V, W,,) are isomorphic vector spaces.

Find a canonical isomorphism.
Another exercise from LADR.

Exercise. Let V be a finite dimensional vector space and T' € L(V'). Prove that T
is a scalar multiple of the identity if and only if ST = T'S for every S € L(V).

Proof. If T is a scalar multiple of the identity, then the result is straightforward.
Conversely, suppose ST = TS for all linear operators S on V. We choose a
basis § = {v1,va,...,v,} for V. Let the linear operator S; on V' be defined by
Si(v;) =0, and S;(v;) == v; for i # j. It follows that

So, for each i we have T'(v;) = ¢;v; for some scalar ¢; € F. Now, define another
linear operator U on V| by U(v;) = v;4+1, where v,41 := 1. For each i, it hence
holds that UT(v;) = TU (v;), i.e.

CiVi+1 = Ci+1Vi+1-

Therefore, ¢; = co = -+ = ¢, and T must be a scalar multiple of the identity.

Question. Does the Cantor-Schroder-Bernstein theorem hold for linear functions?
That is, if there exists the injective linear transformations 7: V. — W and U: W —
V', then there is a bijective linear transformation S: V — W?

Proof. Suppose that such linear transformations 7" and U exist. Then, dim(V') =

dim(W) is clear. As such, V' = W implies such a bijective S exists. k3]
The following exercise is from Timothy Gowers’ video, titled ‘1. A strange determinant’.

The second part on trace is taken from Wikipedia.


https://www.youtube.com/watch?v=byjhpzEoXFs&list=PLOft35kj95aajgXAFHKklygbpsESMQUid
https://en.wikipedia.org/wiki/Pascal_matrix
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— = =
W N =
DS W =

Prove that the determinant of S, is always 1 and

Exercise (Pascal’s determinant.). The n x n (symmetric) Pascal matrix S, is

53
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